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1. Introduction 

This paper is about the symplectic topology of Stein manifolds. If we have 
a symplectic manifold (V, uj), then we say it carries a Stein structure if there 
exists a complex structure J and an exhausting (i.e. proper and bounded 
from below) plurisubharmonic function (j) : V ^ M such that u) = —dd^(p, 
where d'^ is defined by d'^{a){X) := da{JX). The triple {V,J,4>) is called a 
Stein manifold. We say that a Stein manifold is of finite type if (j) only has 
finitely many critical points, each of which is non-degenerate. 

We define an equivalence relation ~ on Stein manifolds by: A ~ if 
there exists a sequence of Stein manifolds Fq , Fi , • • • , F„ such that 

(1) Fo=A and F„, = B 

(2) Fi is either symplectomorphic or Stein deformation equivalent to 
Fi^i. (Stein deformation is defined later in Definition 12.71 ) 

The aim of this paper is the following theorem: 

Theorem 1.1. Let k > 4. There exists a family of finite type Stein mani- 
folds Xi diffeomorphic to M^'^ indexed 6t/ i G N such that 

i+i^Xioo Xj 

We also have the following corollary: 

Corollary 1.2. Let M he a compact manifold of dimension 4 or higher. 
There exists a family of finite type Stein manifolds Xf"^ diffeomorphic to 
T*M indexed by i £N such that 

^^J^Xt'ooXf 

We will prove this at the end of this introduction. The results of Paul 
Seidel and Ivan Smith in [25] show that there exists a finite type Stein 
manifold diffeomorphic to M.^'' but not symplectomorphic to W^^^k > 2. 
They show this by constructing an affine variety which has a Lagrangian 
torus which cannot be moved off itself by a Hamiltonian isotopy. In fact they 
show that none of these Stein manifolds can be embedded in a subcritical 
Stein manifold. Also, they have an argument (explained in [23]) that shows 
that the symplectic homology groups of these varieties are non-trivial. In 
this paper we strengthen this result in two ways: 

(1) we give examples in all even dimensions > 8 (not just in dimension 
4k where fc > 2); 

(2) we also show there are countably many pairwise distinct examples 
in each of these dimensions. 

([T]) is straightforward but ([2]) is much harder and involves various new ideas. 
We show in Corollary 110.51 that these manifolds cannot be embedded in a 
subcritical Stein manifold. 

There is no analogue of our result in dimension 4 because any finite type 
Stein manifold diffeomorphic to is symplectomorphic to (see the in- 
troduction to [25]). Having said that, Gompf in [14] constructs uncountably 
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many non- finite type Stein manifolds which are homeomorphic to W^, but are 
pairwise not diffeomorphic to each other. We hope to address the question 
of whether Theorem 11.11 holds in dimension 6, and whether we can distin- 
guish the contact boundaries of these manifolds up to contactomorphism, in 
future work. 

We will now construct an example of a family of Stein manifolds {Xn)neN 
as in Theorem 1 1.1 1 in dimension 8. Let V := {x^ + y'^ + +11]^ = 0} C and 
consider a smooth point, say p := (0, 0, 1, i) G V . Let H be the blowup of 
at p. Then X := H\V \s & Stein manifold where V is the proper transform 
of V. The variety X is called the Kaliman modification of (C^,y,p) (see 
|16|). We will think of this modification in two stages: 

(1) Cut out the hypersurface V in to get Z •.= <C^\V . 

(2) Blow up Z at infinity to get X. 

Operation ([2]) attaches a 2-handle along a knot which is transverse to the 
contact structure. All our Stein manifolds in this family will be constructed 
from X. If we have two Stein manifolds A and B, then it is possible to 
construct their end connected sum A^^B (see Theorem I2.10p . Roughly 
what we do here is join A and B with a 1-handle, and then extend the Stein 
structure over this handle. Finally, Xn := H^^^iX is our family of Stein 
manifolds. 

1.1. Sketch of the proof of the main theorem. We will now give an 
outline of the proof. We will only consider the examples Xn in dimension 
8 constructed above, as the higher dimensional examples are similar. For 
each Stein manifold Y with a trivialisation of the canonical bundle, we have 
an integer graded commutative Z/2Z algebra SHn+*iY) where SH^,{Y) is 
called symplectic homology 0. The reason why we write SHn+^fiY) instead 
of SH^,{Y) is because we want the unit to be in degree and not in degree 
n. If Yi and I2 are Stein manifolds with Hi(Yi) = Hi(Y2) = and Yi ~ 
then SH^:{Yi) = SH^{Y2) (see [Ml Section 7]). The reason why we need 
HiiYi) = Hi{Y2) = is because symplectic homology is only known to be 
invariant up to exact symplectomorphism. For each Stein manifold 1", we 
can define another invariant i(Y) which is the number of idempotents of 
SH^{Y) (this invariant might be infinite). Hence all we need to do is show 
that for i ^ j, i{Xi) 7^ i{Xj). The next fact we need is that for any two Stein 
manifolds Yi and Y2, SH^iYi#eY2) = SH^{Yi) x SH^{Y2). This means that 
SH^{Xn) = nr=i SH^{X), and hence i{Xn) = i(X)'^. So all we need to do 
is show that 1 < i{X) < 00. If SH^(X) ^ 0, i{X) > 1 since we have 
and 1; but since SH^:{X) can a priori be infinite dimensional in each degree, 
finiteness of i{X) is much harder. Most of the work in this paper involves 
proving i{X) < 00. 



With our convention, the pair-of-pants product makes SH* (and not SH*) a unital 
ring. 
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For any Stein manifold Y, SH^{Y) is Z graded by the Conley-Zehnder 
index taken with negative sign. The group SH^,{Y) has a ring structure mak- 
ing SHn+*{Y) into a Z/2Z graded algebra. This ring is also a Hi(Y) graded 
algebra. This means that as a vector space, it is of the form ©jg//j(y) Ri 
and X £ Ra and y £ Rb then their product xy is in Ra+b- Hence idempo- 
tents in (y) are contained in SHn{Y) and are a linear combination 

of elements with grading in the torsion part of Hi{Y) (see Lemma 17. 6p . 
The problem is that Hi{X) = 0. In order to find out which elements of 
SHn+*{X) are idempotents, we will show that SH^{X) is isomorphic as a 
ring to SH^{Z) where Z = \ V was defined above. Because Z is so much 
simpler than X and Hi[Z) ^ 0, it is possible by a direct calculation to show 
that SHn+if{Z) has finitely many idempotents. 

Proving that SH^:[X) = SH^:{Z) relies on the following theorem. This 
theorem is the heart of the proof. We let E' — > C, E" — > C be Lefschetz 
fibrations, and F' (resp. F") be smooth fibres of E' (resp. E"). Let F' and 
F" be Stein domains with F" a holomorphic and symplectic submanifold of 
F'. 

Theorem 1.3. Suppose E' and E" satisfy the following properties: 

(1) E" is a subfibration of E' . 

(2) The support of all the monodromy maps of E' are contained in the 
interior of E" . 

(3) Any holomorphic curve in F' with boundary inside F" must be con- 
tained in F" . 

Then SH^{E') ^ SH,{E"). 

Remark 1: There exist Lefschetz fibrations E' , E" with the above prop- 
erties such that as convex symplectic manifolds, E' (resp. E") is convex 
deformation equivalent to X (resp. Z). This is because we can choose an 
algebraic Lefschetz fibration on Z where the closures of all the fibres pass 
through p. Then blowing up Z at infinity (operation ([2]) of the Kaliman 
modification) is the same as blowing up each fibre at infinity and keeping 
the same monodromy. Hence SH^{X) = SH^{Z). 

Remark 2: Given varieties X and Z in dimension 4 such that X is obtained 
from Z by blowing up at infinity, there are Lefschetz fibrations E', E" 
satisfying properties ([T|) and ([2|) such that as convex symplectic manifolds, 
E' (resp. E") is convex deformation equivalent to X (resp. Z). These 
do not satisfy property ([3]) because E' is obtained from E" by filling in a 
boundary component of the fibres with a disc. 

We will prove Theorem 11.31 in two stages. In stage (i), we construct a 
Z/2Z graded algebra SH^ (E) related to a Lefschetz fibration E and show 
it is equal to symplectic homology. This is covered in sections |4] and 15. 1[ In 
stage (ii), we prove that SH^ {E') = SH^^ (E"). This is covered in section 
[H In a little more detail: 



LEFSCHETZ FIBRATIONS AND SYMPLECTIC HOMOLOGY 



5 



(i) Let F he a smooth fibre of E and B a disc in C. In section [5l we show 
(roughly) that the chain complex C for SH^{E) is generated by: 

(1) critical points of some Morse function on E; 

(2) two copies of fixed points of iterates of the monodromy map around 
a large circle; 

(3) pairs (r,7) where F is a Reeb orbit on the boundary of F and 7 is 
either a Reeb orbit of SB or a fixed point in the interior of B. 

This is done in almost exactly the same way as the proof of the Kiinneth 
formula for symplectic homology [19]. The differential as usual involves 
counting cylinders connecting the orbits and satisfying the perturbed Cauchy 
-Riemann equations. The orbits in ([T]) and ([2|) actually form a subcomplex 
C^ef, and we define Lefschetz symplectic homology ShI^^{E) to be the ho- 
mology of this subcomplex. Let $ : SH^^{E) SH^^E) be the map 

corresponding to the inclusion C^^^ ^ C. We need to show that $ is an iso- 
morphism. In order to do this we will show that the elements of C in ([3]) have 
very high index. The orbits 7 in Q actually correspond to orbits of some 
Hamiltonian on the complex plane C. We can ensure that this Hamiltonian 
has orbits of index as large as we like. In particular, we can assume that the 
index of 7 is so large that the index of the pair (7, F) is greater than any 
number we like (because the index of (7, T) is the sum index(7) -|-index(r)). 
This means for any k £ Z,, the map SHjf^{E) SHj^{E) is an isomorphism 
if we ensure the indices of the orbits (7, F) are all greater than A; -|- 1. Hence 
SH^{E) ^ SHl'^^iE). 

(ii) Let C (resp. C") be the chain complex for the group SH^ {E') 
(resp. ShI^^{E")). The fibration E' \ E" is a trivial fibration B x P^. We 
have a short exact sequence ^ i? ^ C" — > C" where B is generated 
by orbits of the form (7, F) in B x W. The orbit F is a critical point of 
some Morse function on W and 7 is either a Reeb orbit of dD or a fixed 
point in the interior of B. In this case the homology of the chain complex 
B is actually a product SH^{I}) X where X is the relative cohomology 
group H'^-*{F\F"). Because SH^O) = 0, we have that H^{B) = which 
gives us our isomorpism between Sh\^^{E') and ShI^^{E"). Property ([3]) in 
Theorem 11.31 is needed here to ensure that the above exact sequence exists. 
If we didn't have this property, then there would be some spectral sequence 
from ShI^^{E") (with an extra grading coming from the Hi{E") classes of 

these orbits) to SHYiE'). 

Lefschetz symplectic homology was partially inspired by Paul Seidel's 
Hochshild homology conjectures [2T], which also relate symplectic homology 
to Lefschetz fibrations. His conjectures would in particular prove Theorem 
01 
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Proof, of Corollary 11.21 There is a standard Stein structure on T*M such 
that SHq[M) is a non-trivial finite dimensional Z/2Z vector space. By 
Lemma 17.61 this means that i(T*M) < oo. Also G SH^{T*M) is an 
idempotent which means that < i(T*M). We let Xi be defined as in the 
proof of the main theorem 11.11 We define 

Then i(Xf^) = i{T*M)i{Xi). These numbers are all different as < 
i{T*M) < oo and i{Xi) / i{Xj) for i^j. □ 

Acknowledgements: I would like to thank my supervisor Ivan Smith 
for checking this paper and for giving many useful suggestions. I would 
also like to thank Paul Seidel, Kai Cieliebak, Alexandru Oancea, Frederic 
Bourgeois, Domanic Joyce, Burt Totaro, Jonny Evans and Jack Waldron for 
giving useful comments. 

1.2. Notation. Throughout this paper we use the following notation: 

(1) M, M' , M" , . . . are manifolds (with or without boundary). 

(2) dM is the boundary of M. 

(3) {E, vr), {E' ,7r'), {E" , vr") are exact Lefschetz fibrations (See Definition 

MM- 

(4) If we have some data X associated to M (resp. E), then 
X,X',X",... are data associated to M, M', M" , . . . 

(resp. E, E' , E" , . . .). For instance dM" is the boundary of M" . 

(5) a; is a symplectic form on M or E. 

(6) is a 1-form such that dO = to. 

(7) (M, 9) is an exact symplectic manifold. 

(8) J is an almost complex structure compatible with w. 

(9) If (Af , 6) is a compact convex symplectic manifold (See Definition 
[2T^ . then (M, 0) is the completion of (M, 6) (Lemma [23]). Similarly 
by Definition 12.161 (E, vr) can be completed to {E, vr) (we leave tt 
and 6 as they are by abuse of notation). 

(10) {M,9t) is a convex symplectic or Stein deformation. 

(11) F will denote a smooth fibre of (£', vr). 

(12) If we have some subset A of a topological space, then we will let 
nhd(74) be some open neighbourhood of A. 

2. Background 

2.1. Stein manifolds. We will define Stein manifolds as in [25]. We let M 

be a manifold and 6 a 1-form where uj := dO is a symplectic form. 

Definition 2.1. (M, 6) is called a compact convex symplectic manifold 

ifM is a compact manifold with boundary and the uj-dual of 6 is transverse to 
dM and pointing outwards. A compact convex symplectic deformation 
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is a family of compact convex symplectic manifolds {M,9t) parameterized by 
t G [0, 1]. We will let A be the vector field which is co-dual to 9. 

Usually, a compact convex symplectic manifold is called a convex sym- 
plectic domain. We have a natural contact form 9\qm on dM, and hence we 
call this the contact boundary of M. 

Definition 2.2. Let M be a manifold without boundary. We say that (M, 9) 
is a convex symplectic manifold if there exist constants ci < C2 < • • • 
tending to infinity and an exhausting function </> : M ^ R such that {{(j) < 
Ci},9) is a compact convex symplectic manifold for each i. Exhausting here 
means proper and bounded from below. If the flow of A exists for all positive 
time, then (M, 9) is called complete. If there exists a constant c > such 
that for all x > c, {{(j) < c},9) is a compact convex symplectic manifold, 
then we say that {M,9) is o/ finite type. 

Definition 2.3. Let {M,9t) be a smooth family of convex symplectic mani- 
folds with exhausting functions cpf Suppose that for each t G [0, 1], there are 
constants ci < C2 < • • • tending to infinity and an e > such that for each 
s in [t — e,t + e) and i E N, ({0s < Ci},9s) is a compact convex symplectic 
manifold. Then (M, 9t) is called a convex symplectic deformation. 

The constants ci < C2 < • • • mentioned in this definition depend on t but 
not necessarily in a continuous way. The nice feature of convex symplectic 
manifolds is that we have some control over how they behave near infinity. 
That is, the level set 4)~^{ck) is a contact manifold for all k. Also note that if 
we have a convex symplectic manifold of finite type then it has a cylindrical 
end. That is, there exists a manifold N with a contact form a such that at 
infinity, M is symplectomorphic to {N x [1, oo), d{ra)) (r is a coordinate on 
[l,oo)). 

Lemma 2.4. A compact convex symplectic manifold M can be completed to 
a finite type complete convex symplectic manifold (M, 9) . 

This is explained for instance in [291 section 1.1]. The proof basically 
involves gluing a cylindrical end onto dM. Let (M, 9) be a complete convex 
symplectic manifold. Let (M', 9') be a compact convex symplectic manifold 
which is a codimension exact submanifold of {M,9) (i.e. 9\m' = 9' -\- dR 
for some smooth function R on M'). 

Lemma 2.5. We can extend the embedding M' ^ M to an embedding 
M' ^ M. 

Proof There exists a function R : M' ^ R such that 9' = 9 + dR. We 
can extend R over the whole of M such that R = outside some compact 
subset K containing M'. Let A' be the w-dual of 9'. Let Ft : M ^ M he 
the flow of A'. This exists for all time because M is complete and A' = A 
outside K. We have an embedding $ : {dM') x [l,oo) M defined by 
$(a, t) = -Fiogf(a)- This attaches a cylindrical end to M' inside M, hence 
we have an exact embedding M' — > M extending the embedding of AI' . □ 
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Definition 2.6. A Stein manifold {M,J,(p) is a complex manifold 
{M, J) with an exhausting plurisubharmonic function (/> : M — > M (i.e. (f) is 
proper and bounded from below and —dd'^{<j)) > where d*^ = J*d). A Stein 
manifold is called subcritical if (j) is a Morse function with critical points 
of index < ^dim^M. A manifold of the form (l)~^{{—oo, c]) is called a Stein 
domain. 

We can perturb (j) so that it becomes a Morse function. From now on, 
if we are dealing with a Stein manifold, we will always assume that i;^ is a 
Morse function. The index of a critical point of (j) is always less than or 
equal to ^dim^M. This is because the unstable manifolds of these critical 
points are isotropic submanifolds of M. Note that the definition of a Stein 
manifold in |1H Section 2] is that it is a closed holomorphic submanifold 
of for some A^. This has an exhausting plurisubharmonic function 
An important example of a subcritical Stein manifold is (C",i, I^P). The 
Stein manifold {M,J,(f>) is a convex symplectic manifold {M,6 := —d'^(j)). 
Note that A := V4> where V is taken with respect to the metric u;(-, J(-))- 
It is easy to see that V(/) is a Liouville vector field transverse to a regular 
level set of 4> and pointing outwards. We call a Stein manifold complete or 
of finite type if the associated convex symplectic structure is complete or of 
finite type respectively. 

Definition 2.7. If {Jt, (pt) is a smooth family of Stein structures on M , then 
it is called a Stein deformation if the function {t,x) — > (f'tix) is proper 
and for each t G [0, 1], there exists ci < C2 < ■ ■ ■ tending to infinity and an 
e > such that for each s in {t — e,t + e) we have that Ck is a regular value 
of (j)s . This induces a corresponding convex symplectic deformation. 

Example 2.8. An affine algebraic subvariety M ofC^ admits a Stein struc- 
ture. This is because it has a natural embedding in , so we can restrict 
the plurisubharmonic function to this variety to make it into a Stein 

manifold. We can also use the following method to find a plurisubharmonic 
function on M . We first compactify M by finding a projective variety X with 
complex structure i and an effective ample divisor D such that M = X\D 
(for instance we can embed M in C and then let X be the closure of 
M in ¥^ ). There exists an ample line bundle E — > X associated to the di- 
visor D. Choose a holomorphic section s of E such that D = s~^(0). Then 
ampleness means that we can choose a metric \\.\\ such that its curvature 
form 00 := iF\r is a positive (1, l)-form. Hence we have a Stein structure 

{M:=X\D,J:=i,cf>:=-log\\s\\) 

Note that by \25\ Lemma 8], this is of finite type. 

For affine algebraic varieties we need a uniqueness theorem. This basically 
comes from the text following [241 Lemma 4.4]. The problem is that this text 
only deals with the case when our compactification divisor Z) is a normal 
crossing divisor. But the methods used carry over to general divisors by 
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using Hironaka's resolution theorem. In fact, the paper [2l] uses Hironaka's 
resolution theorem in the same way as we will use it. We will repeat the 
argument here. Let M be an algebraic variety. 

Lemma 2.9. If hi and /12 are Stein functions on M constructed as in the 
previous example, then (1 — t)hi + t/i2 is a Stein deformation. 

Proof. If we can prove that all the critical points of (1 — t)hi+th2 stay inside 
a compact set for all t E [0, 1], then this will prove that it is a Stein defor- 
mation. The way we do this is to look at this function in a neighbourhood 
of some compactification divisor of M. For i = 1,2, let Xi be projective 
varieties compactifying M. Let Ei be ample line bundles on Xi whose as- 
sociated divisor is effective and ample and has support equal to Xi \ M. 
Suppose hi is equal to — log||sj||j where Si is a section of the line bundle Ei 
such that has support equal to Xi \ M and || • ||j is a metric on Ei. 

By Hironaka's resolution theorem, we have that there exists a compactifi- 
cation X by a normal crossing divisor D such that it dominates Xi and X2 
(i.e there is a surjective morphism X ^ Xi such that away from D and Di it 
is an isomorphism). We pull back the line bundles, sections and metrics to 
X and Stein functions via these morphisms. We now just apply [241 Lemma 
4.4], and this gives us our result. □ 

The following operation constructs a new Stein manifold from two old 
ones. This is used to construct our infinite family of Stein manifolds. We will 
let {M, J, 4>), {M' , J' , (p') be complete finite type Stein manifolds. Because 
these manifolds are complete and of finite type, they are the completions of 
compact convex symplectic manifolds N, N' respectively. In fact N = {(j) < 
R},N' = {(p' < R} for some arbitrarily large R. Let p (resp. p') be a point 
in dN (resp. dN'). The following theorem is proved in greater generality in 
do] and [H Theorem 9.4]. 

Theorem 2.10. There exists a connected finite type Stein manifold 
{M" , J" , (p") such that N" := {(p" < R} is biholomorphic to the disjoint 
union of N and N' with (f)"\N = (p on N and (P"\n' = <P' on N' . Also, the 
only critical point of (p" outside N" has index 1 . 

In this theorem, what we are doing is joining N and N' with a 1-handle 
and then extending the Stein structure over this handle, and then completing 
this manifold so that it becomes a Stein manifold. The Stein manifold M" 
is called the end connect sum of M and M' , and we define M^^M' as 
this end connected sum. If M and Af ' are Stein manifolds diffeomorphic to 
C", then M#eM' is also diffeomorphic to C". 

Remark: There is an example due to the author of a non-finite type Stein 
manifold which is not equivalent to any finite type Stein manifold. This 
is described by Seidel in [24^ Section 7], and is constructed as an infinite 
end-connect-sum. 
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2.2. Lefschetz fibrations. Throughout this section we will let be a com- 
pact manifold with corners whose boundary is the union of two faces dhE 
and dyE meeting in a codimension 2 corner. We will also assume that is 
a 2-form on E and G a 1-form satisfying dQ = O. We let S be a surface 
with boundary. Let n : E ^ S he a smooth map with only finitely many 
critical points (i.e. points where dir is not surjective). Let E^^^^ C E he the 
set of critical points of vr and S^^^^ C S the set of critical values of vr. For 
s £ S, let Es he the fibre 7r~^(s). 

Definition 2.11. If for every s £ S we have that Vt is a symplectic form on 
Es \ then we say that $7 is compatible with vr. 

Note that if is compatible with vr then there is a natural connection 
(defined away from the critical points) for tt defined by the horizontal plane 
distribution which is O-orthogonal to each fibre. If parallel transport along 
some path in the base is well defined then it is an exact symplectomorphism 
(an exact symplectomorphism is a diffeomorphism $ between two symplectic 
manifolds {Mi.dOi) and {M2,d62) such that $*02 = Oi + dG where G is a 
smooth function on Mi). From now on we will assume that is compatible 
with TT. We deal with Lefschetz fibrations as defined in [22]. We define F to 
be some smooth fibre of vr. 

Definition 2.12. {E,tt) is an exact Lefschetz fibration if: 

(1) TT : E — > S is a proper map with d^E = 'K~'^{dS) and such that 
'^\dvV ■ dyE dS is a smooth fibre bundle. Also there is a neigh- 
bourhood N of dfiE such that Tr\]\; : N ^ S is a product fibration 
S X nhd{dF) where and S\n are pullbacks from the second fac- 
tor of this product. 

(2) There is an integrable complex structure Jq (resp. Jq) defined on 
some neighbourhood o/ i?'"^^^ (resp. S^^^^) such that vr is (Jo,io) 
holomorphic near E'^"*'. At any critical point, the Hessian D^tt is 
nondegenerate as a complex quadratic form. We also assume that 
there is at most one critical point in each fibre. 

(3) 0, is a Kdhler form for Jq near E'^"^ . 

Sometimes we will need to define a Lefschetz fibration without boundary. 
This is defined in the same way as an exact Lefschetz fibration except that 
E, the fibre F and the base S are open manifolds without boundary. We 
replace "neighbourhood of d^E" in the above definition with an open set 
whose complement is relatively compact when restricted to each fibre. We 
also replace with vr^^(5' \ K) where K is a compact set in S. Also vr 

is obviously no longer a proper map, and we assume that the set of critical 
points is compact. From now on we will let {E, vr) be an exact Lefschetz 
fibration. 

Lemma 2.13. [22^ Lemma 1.5] If (3 is a symplectic form on S then lo := 
17 + NiT*(3 is a symplectic form on E for N sufficiently large. 
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We really want our Lefschetz fibrations to be described as finite type 
convex symplectic manifolds. 

Definition 2.14. A compact convex Lefschetz fibration is an exact 
Lefschetz fibration {E,tt) such that {F,Q\p) is a compact convex symplectic 
manifold. A compact convex Lefschetz deformation is a smooth family 
of compact convex Lefschetz fibrations parameterized by [0, 1] . 

Note that by the triviality condition at infinity, all smooth fibres of vr are 
compact convex symplectic manifolds as long as the base S is connected. 
From now on we will assume that (E, vr) is a compact convex Lefschetz 
fibration. 

Theorem 2.15. Let the base S be a compact convex symplectic manifold 
{S,6s)- There exists a constant K > such that for all k > I'C we have: 
LO := Vt + kTT*{ujs) is a symplectic form, and the uj-dual X of Q + kTr*9s is 
transverse to dE and pointing outwards. 

(The proof is given in section HI) Note that this theorem also implies that 
if we have a compact convex Lefschetz deformation, then we have a corre- 
sponding compact convex symplectic deformation because we can smooth 
the codimension 2 corners slightly. 

If we have a compact convex Lefschetz fibration, then we wish to extend 
the Lefschetz fibration structure over the completion E of E. Here is how 
we naturally complete {E, vr): The horizontal boundary is a product dF x S. 
We can add a cylindrical end G := {dF x [l,oo)) x 5* to this in the usual 
way (i.e. as in Lemma l2.4p . extending G over this cylindrical end by the 
1-form r{Q\Qp) where r is the coordinate for [1, oo). Let Ei be the resulting 
manifold. We also extend the map vr over Ei by letting ii\g : G ^ S he 
the natural projection. This ensures that vr is compatible with the natural 
symplectic form on E\ defined as in Lemma l2. 131 The fibres of vr are finite 
type complete convex symplectic manifolds. We now need to "complete" the 
vertical boundary of Ei so that we have a fibration over the completion S 
of S. Let V := dyEi := -K'^idS). We then attach A := V x [0, oo) to Ei by 
identifying V C Ei with V x {0} C ^ to create a new manifold E. We can 
extend our map vr over A by letting vr|^(t;,r) = it\v{v) where v £ V C Ei 
and r G [0,cxd). Let iii : A ^ V he the natural projection onto V. Let 
Qa '■= T^i&lv- We wish to join Q with inside E. Let C : [0, oo) [0, 1] 
be a smooth function such that ((x) = for x < 0.5 and ((x) = 1 for x > 1. 
The 1-form smoothly extends to a 1-form Q defined on y x [0, e] C A such 
that dQ restricted to the fibres of vr is a symplectic form and Q = Q in the 
region G' = {dF x [l,oo)) x S (i.e. the region where the Lefschetz fibration 
is a product near infinity). Let 6^(f,r) := (1 — C{Kr /e))Q + ({Kr /e)@A 
where is a large constant. We can now smoothly extend Q over A by 
the 1-form 0^. Note that dQ'^ is a symplectic form on all the fibres for 
K large enough because G|y = 0A|yx{o}5 hence dQ restricted to the 
fibres is as close as we like to d@A restricted to the fibres. This means that 
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(1 — t)dQ + tdQA is arbitrarily close to a symplectic form when restricted to 
the fibres and hence it is a symplectic form when restricted to the fibres for 
t G [0, 1] and this implies that dQ'^ is a symplectic form on all the fibres. 

Definition 2.16. {E,7r) is called the completion of [E^tt). 

Note that the base of our completed fibration is (5, Os)- 

Definition 2.17. Any fibration which is the completion of a compact convex 
Lefschetz fibration is called a complete convex Lefschetz fibration. 

Note that if we add a large multiple of vr*^^ to then (E, 0) is a complete 
finite type convex symplectic manifold. Lefschetz fibrations have well defined 
parallel transport maps due to the fact that the fibration is trivial near 
the horizontal boundary of E. Now we need to deal with almost complex 
structures on E, as this will be useful when we later define ^ Let J 
(resp. j) be an almost complex structure on E (resp. S). 

Definition 2.18. We say that {J,j) are compatible with {E,7r) if: 

(1) vr is {J,j)-holomorphic, and that J = Jq near i?^^^^ and j = Jq near 
gcrit 

(2) j is convex at infinity with respect to the convex symplectic structure 
of S (i.e. Os o j = dr for large r where 6s is the contact form at 
infinity on S and r is the radial coordinate of the cylindrical end of 
S). 

(3) J is a product [Jp^j) on the region C x S where C is the cylindrical 
enddFx[\,oo) of F , and Jp is convex at infinity for F . (6\poJp = 
dr for large r where r is the radial coordinate of the cylindrical end). 

(4) u>{-,J-) is symmetric and positive definite. 

If {E, vr) is a complete convex Lefschetz fibration then the space of such 
almost complex structures is nonempty and contractible (see [22^ section 
2.2]). We wish to have a slightly larger class of almost complex structures. 

Definition 2.19. We define 3^{E) to be the space of almost complex struc- 
tures on E such that for each J in this space, there exists a {Ji,ji) compat- 
ible with {E, vr) and a compact set K C E with J = Ji outside K and with 
uj{-,J-) symmetric and positive definite everywhere. 

The set of such complex structures is still contractible. 

2.3. Symplectic homology. In this section we will discuss symplectic ho- 
mology as defined by Viterbo in [29] for finite type Stein manifolds. For 
simplicity we will assume that our homology theory has coefficients in Z/2. 

Let (M, 9) be a compact convex symplectic manifold. Our manifold M 
has a cylindrical end symplectomorphic to {N x [1, co), (i(ra)) where r is a 
coordinate on [l,oo) and a is a contact form on N. We choose a smooth 
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function H : x M — > M such that each Ht is of the form Ht = ar + h aX, 
infinity where a and h are some constants independent of t. We call such a 
Hamiltonian admissible. We also choose an family of almost complex 
structures Jt compatible with the symplectic form. We assume that Jt is 
convex with respect to this cylindrical end outside some large compact set 
(i.e. 6 o Jf = dr). We call the constant a the slope at infinity. We also 
say that Jt is admissible. 

We define an family of vector fields X^t by uj{Xh^, •) = dHt{-). The 
flow Flow^^ is called the Hamiltonian flow. A 1-periodic orbit of Ht is 

a path of the form / : [0, 1] M, l{t) := F1ow*y^^ {p) where p£M and /(O) = 
We choose the cylindrical end and the slope of our Hamiltonians so that 
the union of the 1-periodic orbits form a compact set. Let F := Flow^^^ , 
then we have a correspondence between 1-periodic orbits x and fixed points 
p of F. In particular we say that x is non-degenerate if DF\p : TpM — > TpM 
has no eigenvalue equal to 1. We can also assume that the 1-periodic orbits 
of our Hamiltonian fiow Xjjt are non-degenerate. We call a Hamiltonian H 
satisfying these conditions a non-degenerate admissible Hamiltonian 
or an admissible Hamiltonian with non-degenerate orbits. 

From now on we will assume that ci(Af) = ci(M) = 0. If we are given 
a trivialisation of the canonical bundle 3C = 0, then for each orbit x, we 
can define an index of x called the Robbin-Salamon index (This is equal 
to the Conley-Zehnder index taken with negative sign). The choice of these 
indices depend on the choice of trivialisation of JC up to homotopy but the 
indices are canonical if Hi{M) = 0. We denote this index by ind(a;). Let 

CFk{M,H,J):= Z/2{x) 

Flow^^ {x)=x,ind{x)=k 



For a 1-periodic orbit 7 we define the action Ah^'j)'- 
Ah{j) :=- [' H{t,j{t))dt - [ e 



7 



This is the convention of [29] and [19]. This differs in sign from Seidel's 
convention in [231. We will now describe the differential 



d : CFk{M, H, J) ^ CFfc_i(M, H, J) 

We consider curves u : M x S-*^ — > M satisfying the perturbed Cauchy- 
Riemann equations: 

dsu + Jt{u{s,t))dtu = V^t 

where V^' is the gradient associated to the family of metrics gt := 
^i'T^ti'))- For two periodic orbits x^,x^ let U{x-,x^) denote the set 
of all curves u satisfying the Cauchy-Riemann equations such that u{s, •) 
converges to x± as s — > ±00. This has a natural M action given by re- 
placing the coordinate s with s + u for f G M. Let [/(x_,x+) be equal 
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to U{x-,x^)/M.. For a C°° generic admissible Hamiltonian and complex 
structure we have that U{x-.,xj^) is an ind(x-) — ind(x4.) — 1 dimensional 
manifold (see [l2])- There is a maximum principle which ensures that all 
elements of U{x-,x^) stay inside a compact set K (see [iHl Lemma 1.5]). 
Hence we can use a compactness theorem (see for instance [4] ) which ensures 
that if ind(x_) — 1 = ind(x+), then U (x_, x+) is compact and hence a finite 
set. Let #C/(j;_,x+) denote the number of elements of U{x-,x+) mod 2. 
Then we have a differential: 

d : CFkiM, H, J) CFfc_i(M, H, J) 

d{x^) := #U{x.,x+){x+) 
ind(x+)=ind{x_)-i 

By analysing the structure of 1-dimensional moduli spaces, one shows = 
and defines SH^(M, H, J) as the homology of the above chain complex. As a 
Z/2Z module C-Ffc(M, H, J) is independent of J, but its boundary operator 
does depend on J. The homology group SH^,{M,H, J) depends on M,H 
but is independent of J up to canonical isomorphism. Note that for each 
/ G R we have a subcomplex generated by orbits of action < /. The reason 
why this is a subcomplex is because if C7(x_,a;+) is a non-empty set, then 
Ah{x-) > ^/f(x+). This means that the differential decreases action and 
hence if a;_ is an orbit of action < /, then d{x-) is a linear combination 
of orbits of action < /. The homology of such a complex is denoted by: 
SH^^{M, H, J). 

If we have two non-degenerate admissible Hamiltonians Hi < H2 and two 
admissible almost complex structures Ji, J2, then there is a natural map: 

SH,{M, Hi,Ji)^ SH,{M, H2,J2) 

This map is called a continuation map. This map is defined from a map 
C on the chain level as follows: 

C : CFkiM, Hi, Ji) CFkiM, H2, J2) 

d{x.):= #Pix-,x+){x+) 
ind(x+)=ind(x_) 

where Pix-,xj^) is the set of solutions of the following equations: Let Kg 
be a smooth increasing family of admissible Hamiltonians joining Hi and 
H2 and Js a smooth family of admissible almost complex structures joining 
Ji and J2. Then for a C°° generic family iKg, Jg), the set P(x_,x+) is the 
set of solutions to the parameterized Floer equations 

dgU + J,,tiuis,t))dtu = V3^K,^t 

such that n(s, •) converges to x± as s — > itco. If we have another such 
increasing family admissible Hamiltonians joining Hi and H2 and another 
smooth family of admissible almost complex structures joining Ji and J2, 
then the continuation map induced by this second family is the same as the 
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map induced by {Ks,Js)- The composition of two continuation maps is a 
continuation map. 

If we take the direct hmit of all these maps with respect to admissible 
Hamiltonians ordered by <, then we get our symplectic homology groups 
5//*(M). Supposing we have a family of Hamiltonians {H\)\^\ ordered by 
<. We say that a family of Hamiltonians {Hi)i^ic\ is cofinal if for every 
A G A, there exists an i £ I and a constant a such that Hx < Hi + a. 
The fact that continuation maps are natural ensures that we can also define 
SHi,{M) as the direct limit of all these maps with respect to any cofinal 
family of Hamiltonians. If we have a degenerate admissible Hamiltonian H, 
then we can still define symplectic Homology SH^:{H, J) as a direct limit 
SH^,{Hj.^ Jj,) where -fffc and are C°° generic making SH^,{Hk, J^) well 
defined, and such that H]^ and tend to H and J. The limit is taken with 
respect to continuation maps. This is independent of choices of Hj. and 
due to the naturality of continuation maps (see [29^ Remark 1.2]). 

The symplectic homology groups also have a ring structure. The product 
is called the pair of pants product and it makes SHn+*{M) into a Z/2Z 
graded algebra where n is the complex dimension of M. The product is de- 
fined in the following way: Take an admissible Hamiltonian Hi and another 
admissible Hamiltonian H2 such that Hi = H2 outside some large compact 
set, and such that Hi{l, •) = -^2(0, •) with all time derivatives. Then Hi^H2 
is also admissible where Hi^H2 is defined as: 



Hi#H2{t,x) :-- 



2Hi{2t,x) (tG[0,i]) 
2H2i2t-l,x) 



We define a chain map (maybe after perturbing the Hamiltonians Hi,H2, Hi^H2 
slightly): 

CFkiHi, J) CF,{H2, J) ^ CFk+,-n{Hi#H2, J), 

Xi(giX2^ ^ #M{H,J,XI,X2,X3){X3). 

md(x3)=k+j-n 

The set J\[{H, J, xi,X2,X3) is the set of maps u : P-*^ \ {0, 1, 00} M which 
satisfy some Floer type equations and such that each puncture converges to 
an orbit. The details of this are explained in [1], [2] and [211 Section 8]. This 
commutes with continuation maps and hence we can take the direct limit of 
these maps with respect to the ordering < giving us a map: 

SHn+i{M) SHn+j{M) ^ SHn+^+J{M). 

This also has a unit in degree n and is given by counting holomorphic planes 
([Ml Section 8]). 

Suppose that {M',6') is a compact convex symplectic manifold which is 
an exact submanifold of M, then there exists a natural map 

i : SH^M) -^SH^{M') 
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called the transfer map. The composition of two of these transfer maps is 
another transfer map. These maps are introduced in [29^ Section 2] and stud- 
ied in [71 Section 3.3]. Let be a general convex symplectic manifold. Let 
(Wj)j^j be the set of codimension compact convex exact symplectic sub- 
manifolds. This is a directed system, where the morphisms are just inclusion 
maps. If Wj-^ C Wj^, then we have a transfer map SH^iWj^) SH^{Wj^). 
Because the transfer map points in the opposite direction (i.e. from Wj^ to 
Wj-^ instead of Wj^ to Wj^), we have an inverse system {SH^{Wj))jQj where 
the morphisms now are transfer maps. Hence we can define the ring SH^,{N) 
as the inverse limit of this inverse system. Because the definition only in- 
volves codimension exact symplectic manifolds, we have that it is invariant 
under exact symplectomorphism. We have that SH^,{N) is invariant under 
convex symplectic deformations (see [17|. Theorem 2.12]). We also have that 
for a compact convex symplectic manifold M, SH^{M) = SH^{M) (see [T71 
Theorem 2.12]). 

Symplectic homology SH^,[M) also has a natural Hi{M) grading. Each 
orbit X of some Hamiltonian H is contained in some Hi[M) class, and the 
definition of the differential ensures that dx is a linear combination of orbits 
in the same H\{M) class. Also if we have two orbits xi and X2 of some 
Hamiltonian H\ and H2 respectively, then they are in Hi{M) classes a and 
b. If we have a pair of pants, where two of the boundaries are in classes a and 
6, then the third boundary is in the class a + b (if we orient the boundaries 
correctly). This ensures that the pants product of x\ and X2 is a linear 
combination of orbits of Hi^H2 in the homology class a + h. Hence the pair 
of pants product for SH^:{M) is additive in Hi{M). 

Theorem 2.20. Let M, M' be finite type Stein manifolds of real dimension 
greater than 2, then 

SH^{Mi^eM') = SH^{M) X SH^{M') as rings. Also the transfer map 
SH^{M^eM') SH^{M) is just the natural projection 

SH^M) X SH^M') ^ SH^M). 

Cieliebak in [7] showed that the above theorem is true if we view SH^ as 
a vector space. We will prove that we have a ring isomorphism in section 

MM 

2.4. Symplectic homology and Lefschetz fibrations. We need three 
theorems which relate symplectic homology to Lefschetz fibrations. These 
are the key ingredients in proving that our exotic Stein manifolds are pair- 
wise distinct. The proofs of these theorems will be deferred to sections [5] 
and [H Theorem 12.221 is very close to Oancea's Kiinneth formula [H] but 
theorems 12.241 and 12.251 are new and the main part of the story. Throughout 
this section we will let vr' : i?' — > S' be a compact convex Lefschetz fibration 
with fibre F'. From now on we will assume that ci{E') = and to make 
SH^{E') graded we will choose a trivialisation of the canonical bundle of 
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E'. Note that when we talk about symplectic homology of a compact con- 
vex Lefschetz fibration, we mean the symplectic homology of its completion 
with respect to the convex symplectic structure. The fibration E' can be 
partitioned into three sets as follows: 

(1) E' CE' 

(2) A := X S', where F^ := dF' x M>i is the cyhndrical end of F'. 

(3) B ■.= E'\{AUE') 

The set B is of the form {Ai x R>i) □(^2 x M>i) • • • \_\{An x ]R>i), where 
Ai is a mapping torus of the monodromy symplectomorphism around one of 
the boundary components of S'. Here is a picture of the regions E' , A and 
B. 



A 


A 


A 


B 


dhE' 
dyE' E' dvE' 
dhE' 


B 


A 


A 


A 



vr 



S' 



Let TTi : A — » Fg be the natural projection onto F^. 

Definition 2.21. Let Hgi he an admissible Hamiltonian for the base S'. Let 
Hp' be an admissible Hamiltonian for the fibre F' . We assume that Hpi = 
on F' C F' . The map H : E' ^ is called a Lefschetz admissible 
Hamiltonian if H\a = ir*Hs' + irlHp' and H\b = tt*Hs' outside some 
large compact set. We say that H has slope (a, b) if Hs' has slope a at 
infinity and Hp has slope b at infinity. 
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Let H he a Lefschetz admissible Hamiltonian and let J be an admissible 
almost complex structure for E' . We will call the pair {H, J) a Lefschetz 
admissible pair. For generic {H,J) we can define SH^:{E' , H, J) (see sec- 
tion [5] for more details). If {H\,Ji) is another generic Lefschetz admissible 
pair such that H < Hi , then there is a continuation map 5//* {H, J) — > 
{Hi , Ji ) induced by an increasing homotopy from H to Hi through Lef- 
schetz admissible Hamiltonians. Hence, we have a direct limit SH\{E') := 
lim SH^{H, J) with respect to the ordering < on Hamiltonians H. This 

has the natural structure of a ring with respect to the pair of pants product. 

Theorem 2.22. There is a ring isomorphism SH^:{E') = SHI{E'). 

This will be proved in section [H Let e be smaller than the length of the 
shortest Reeb orbit of dF' . A Hamiltonian H is called a half admissible 
Hamiltonian if it is Lefschetz admissible and has slope (a, e). We let J be 
an admissible almost complex structure for E' . 

Definition 2.23. We define 

Snl^'^iE') := lim SH4H,J) 

as the direct limit with respect to the ordering < on half admissible Hamil- 
tonians H . This has the structure of a ring as usual. 

The difference between SH^E') and SHl{E') is that SH^E') is defined 
using Hamiltonians which are linear with respect to some fixed cylindrical 
end. The ring SH\,{E') is defined using Hamiltonians which are linear in the 
horizontal and vertical directions with respect to some Lefschetz fibration. 
The difference between SH^^[E') and the other homology theories is that 
the slopes of a cofinal family of half admissible Hamiltonians do not have 
to tend to infinity pointwise in the vertical direction. This has to be true 
for SH^{E') and SH\{E') where the Hamiltonians have to get steeper and 
steeper at infinity in all directions. Because a half admissible Hamiltonian 
is Lefschetz admissible, we have a natural ring homomorphism: 

^ : ShI^^E') ^ SHiiE'). 

This comes from continuation maps SH^, {H, J) — > SH^, {K, J) where H is a 
half admissible Hamiltonian and X is a Lefschetz admissible Hamiltonian. 
This is because H < K when K is large enough. 

Theorem 2.24. If S' = O, the unit disk, then <I> is an isomorphism of rings. 
Hence by Theorem \2.22[ 

SH^E') ^ snl'^^iE') 



as rings. 
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This will be proved in section 15.11 Let F' (resp. F") be a smooth fibre 
of E' (resp. E"). Let F' and F" be Stein domains with F" a holomorphic 
and symplectic submanifold of F' . 

Theorem 2.25. Suppose E' and E" satisfy the following properties: 

(1) E" is a suhfihration of E' over the same base. 

(2) The support of all the monodromy maps of E' are contained in the 
interior of E" . 

(3) Any holomorphic curve in F' with boundary inside F" must be con- 
tained in F" . 

Then ShI'^^E') ^ SHl'^^iE") as rings. 

This theorem will be proved in section [6l Combining this theorem with 
Theorem 12.241 proves the key theorem 11.31 in the introduction of this paper. 

2.5. The KaUman modification. In order to produce examples of exotic 
symplectic manifolds, we first need to construct exotic algebraic varieties. 
One tool used for constructing these manifolds is called the Kaliman modi- 
fication. Our treatment follows section 4 of |30j . 

Consider a triple (M, D, C) where C D <Z M are complex varieties. 
Let M and C be smooth, D be an irreducible hypersurface in M, and C be 
a closed subvariety contained in the smooth part of D such that dim(C) < 
dim(L»). 

Definition 2.26. (see [l6] j The Kaliman modification M' of (M, D, C) 

is defined by M' := Kalmod (M, D,C) = M\D where M is the blowup of 
M along C and D is the proper transform of D in M . 

The Kaliman modification of an affine variety is again an affine variety 
(see [E]). 

Lemma 2.27. [161 Theorem 3.5] Suppose that (i) D is a topological mani- 
fold, and (a) D and C are acyclic. Then M' is contractible iff M is. 

Example 2.28. (torn Dieck-Petrie surfaces see [27l[26]j For k > I > 2 

with {k,l) coprime, the triple Aj^^i := (C^, {x*^ — = 0}, {(1, 1)}) satisfies 
the conditions of Lemma \2.27\ Hence X^^i = Kalmod (A^^;) is contractible. 
Note: Xk^i is isomorphic to 

{xz + l)^ -{yz + l)' -z 

Here x,y,z are the standard coordinates of C^. Also the numerator of this 
fraction is divisible by z, hence the above fraction is a polynomial. 

Here is another construction: 

Example 2.29. (iCaUman [16] j // we have a contractible affine variety M 
of complex dimension n, then we can construct a contractible affine variety 

Mk := Kalmod (M x C,M x {pi, . . . ,pk},{iai,pi) , . . . , iak,Pk)}) 
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where pi are distinct points in C and ai are points in M . This variety is 



contractible by a repeated application of Lemma 2.21 , because it is a repeated 
Kaliman modification with D isomorphic to M and C a point. There are 
obvious variants: replace C and {pi, . . . ,pk} with some contractible variety 
and a disjoint union of contractible irreducible hyper surf aces, etc. 

At the moment we are only discussing contractibility of varieties. We need 
to produce varieties diffeomorphic to some C^. We will use the h-cobordism 
theorem to achieve this stronger condition. 

Corollary 2.30. (See [S Page 174], [20] and [Ml Proposition 3.2]; Let M 
be a contractible Stein manifold of finite type. If n := dimc-ZVf > 3 then M 
is diffeomorphic to C". 

Proof. Let (J, (p) be the Stein structure associated with M. We can also 
assume that is a Morse function. For R large enough, the domain M/j := 
{(p < R} is diffeomorphic to the whole of M as M is of finite type. We want 
to show that the boundary of M/j := {(p < R} is simply connected, then the 
result follows from the h-cobordism theorem. 

The function ip := R — cp only has critical points of index > n > 3 because 
the function (p only has critical points of index < n (see Corollary 2.9]). 
Viewing -0 as a Morse function, Mr is obtained from dM^ by attaching han- 
dles of index > 3. This does not change vri, hence dM^ is simply connected 
because M/j is simply connected. □ 

We now need a theorem which relates the Kaliman modification with 
symplectic homology. We do this via Lefschetz fibrations. Let X,D,M be 
as in Example 12.81 Let Z be an irreducible divisor in X and q € {Z M) a 
point in the smooth part of Z. We assume there is a rational function m on 
X which is holomorphic on M such that m~^(0) is reduced and irreducible 
and Z = m-i(O). Let M' := Kalmod(M, (ZnM), {g}), and let M" := M\Z. 
Suppose also that dimc-'^ > 3. We also assume that ci(M') = ci(M") = 0. 

Theorem 2.31. SH^{M") = SH^{M'). 

This theorem follows easily from the key theorem 11.31 and the following 
theorem: 

Theorem 2.32. There exist compact convex Lefschetz fibrations E" C E' 
respectively satisfying the conditions of Theorem \l.!!^ such that E' (resp. E" ) 
is convex deformation equivalent to M' (resp. M" ). 

This will be proved in the appendix ([8]). The basic idea of the proof is to 
use Lefschetz fibrations defined in an algebraic way. 

3. Proof of the main theorem 

3.1. Construction of our exotic Stein manifolds. First of all, we will 
construct a Stein manifold diffeomorphic to C^. We will then construct 
Stein manifolds Kn diffeomorphic to C" for all n > 3 from K4^. Finally using 
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end connect sums we will construct infinitely many Stein manifolds {K^)kef>i 
diffeomorphic to C" for all n > 3. 

We define the polynomial P{zq, ...,2:3) := Zq + zf + Z2 + z^ and V := 
{P = 0} C C^. Let be the unit sphere in C^. 

Theorem 3.1. [5] F H S"^ is homeomorphic to S^. 

Since V is topologically the cone on the link V n S'^, 

Corollary 3.2. V is homeomorphic to M®. 

LetpeV\ {0}. We let K4 := Kalmod(C^ V, {p}). Now by Corollary 
and Lemma 12.271 we have that K/j^ is contractible. Hence by Theorem 12.301 
we have that is diffeomorphic to C^. We will now construct the varieties 
Kn by induction. Suppose we have constructed the varieties K^, . . . , Kn, 
we wish to construct the variety Kn+i- We do this using example 12.291 
This means that we will define Kn+i ■= Kalmod(i('„ x C, A'„ x {0}, {q,0)) 
where g is a point in Kn- All these are affine varieties and hence have Stein 
structures by Example 12.81 Finally, we define 

'■= #e Kn 

i=l...k 

which is the k fold end connect sum of Kn ■ The aim of this paper is to show 
that if K!^ ~ /s:;^ then k = m. 

3.2. Proof of the main theorem in dimension 8. Here we will prove 
Theorem 11.11 in dimension 8. In this section we wish to show that if K^ ~ 

then k = m. Let M' := Kj. By TheoremEjOl SH^K^) = HLo SH^{M'). 
Hence if i{M') is finite, i{K^) = i{M')^ where i{M) denotes the num- 
ber of idempotents of SH^{M) for any Stein manifold M. So in order to 
distinguish these manifolds, we need to show that 1 < i{M') < 00. Let 
M" := C^\V where V is defined in section [3Tl By Theorem 12.311 we have 
that SH^{M") = SH^{M'). We have that 1 < i{M") < cx) by Theorem O 
hence 1 < i[M') < 00. 

3.3. Proof of the theorem in dimensions greater than 8. Here we 
will prove Theorem 11.11 in dimensions greater than 8. Let Kn '■= Kn- For 
each n > 4 we need to show that 1 < i{Kn) < 00 in order to distinguish 
Kn- This is done by induction. Suppose that 1 < i{Kn) < 00 for some n, 
then we wish to show that 1 < i{Kn+i) < 00. We have by Theorem 12.311 
that SH^{Kn+i) = SH^Kn x C*). Let S := i^^ x C*. Let 5i/™"*'(C*) be 
the subring of SH^{C*) with Hi grading 0. 

One can check that S'-ff™'^'''(C*) is a subring isomorphic to H^~*{C*)- In 
particular SHl°"^'{C*) = Z/2. By the Kiinneth formula (see [H]), we have 
that 

SH(^n+l)+*{B) = SHn+*{Kn) SHij^^,{C*)- 
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This ring is naturally graded by Hi{C*). Hence any idempotent must be an 
element of 

SHn+.{Kn) (C*) C SHn+.{Kn) ® SHi+,{C*) 

by Lemma 17.61 The ring S'-fff™*'^(C*) is naturally graded by the Conley- 
Zehnder index taken with negative sign because ci(C*) = 0. This means 
that any idempotents must live in: 

SHn+,{Kn) ® SHr'^'iC*) ^ SHn+,{Kn) ® Z/2 ^ SHn+,{Kn). 

Hence i{Kn+i) = i{Kn). This means that by induction we have 1 < i{Kn) < 
oo for all n > 3 as we proved 1 < ^(ifs) < oo in section [321 This proves our 
theorem. 

4. Lefschetz fibration proofs 

Here is the statement and proof of Theorem l2.15l Let (E, vr) be a compact 
convex Lefschetz fibration. There exists a constant K > such that for all 
k > K we have: a; := O + kiT*{ojs) is a symplectic form, and the to-dual A 
of 6 := Q + kiT*6s is transverse to dE and pointing outwards. 

Proof. We let K be a large constant so that uj := Q+tt*{Kus) is a symplectic 
form (see [22| Lemma 1.5]). Let 9'g := KOg and uj'^ = dO'g and be the 
(j^-dual of 6s ■ Let U x V he some trivialisation of vr around some point 
p G TT~^{dS) where U C F and V C S. We let V be some small half disk 
around vr(p) and U is some small open ball. Let vr^ : U x V ^ U he the 
natural projection. Let Aj? be the JljiT'-dual of Q\f, and Xq be the horizontal 
lift of A^. The w-dual of G is equal to: 

Xf + W 

where W is w-orthogonal to the vertical plane field tangent to the fibres and 
is equal to near the horizontal boundary of E. The w-dual of KTT*6'g is 
equal to: 

GXq 

where G is some function on U x V. This means that the w-dual of 9 is: 

X = Xp + W + GXq. 

Because W = near the horizontal boundary and because the horizontal 
subspaces are tangent to the horizontal boundary, we have that A is trans- 
verse to the horizontal boundary. In order to show that A is transverse to 
the vertical boundary we need to ensure that we can make G very large 
compared to A^ + W. This can be done by making K sufficiently large. 

□ 
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5. A COFINAL FAMILY COMPATIBLE WITH A LeFSCHETZ FIBRATION 

In this section we construct a family of Hamiltonians : -E ^ M which 
behave well with respect to the Lefschetz fibration, so that 

SHiiE) := lim SH^{E, Hk, J) = SH^{E). 

k 

This would be obvious if belonged to the "usual" class (i.e. linear of 
slope k on the cylindrical end) but it is not obvious that our Hamiltonians 
are linear with respect to some cylindrical end. Throughout this section, 
{E, vr) is a compact convex Lefschetz fibration. We let 0, il., 9, u be defined 
as in section [2^ 

Theorem 5.1. Let H : E ^ be Lefschetz admissible for E with non- 
degenerate orbits. Then the space of regular almost complex structures 
'Sxeg{E,L{) is of second category in the space d^{E) of admissible almost 
complex structures with respect to the C°° topology. 

With a regular almost complex structure, it is possible to define symplec- 
tic homology SLl^^^E, H, J) with the pair of pants product SHk{E, H, J) ig) 
SHi{E, H, J) — > SL[i^i:_n{E, 2L[, J). Regular almost complex structures are 
almost complex structures such that some natural section of a Banach bun- 
dle associated with the almost complex structure is transverse to the zero 
section. This section is described by some linearized version of the perturbed 
Cauchy-Riemann equations. This theorem comes from using results in |12j . 
Viterbo in [29^ section 1.1] shows us why the Theorem is true in the context 
of open symplectic manifolds where the almost complex structure is fixed 
outside a large compact set and where there is a maximum principle as in \29\ 
Lemma 1.8] or \18\ Lemma 1.5]. This argument applies if we use the max- 
imum principle in 15.21 below. This ensures that the moduli spaces of Floer 
trajectories are manifolds. For non-generic {LI, J), SH^{H, J) is defined via 
small perturbations, and is independent of choice of small perturbation via 
continuation map techniques. We also need a maximum principle to ensure 
that the Floer moduli spaces have compactifications. 

Let W he a connected component of dS where S is the base. Now 5 
has a cylindrical end W x [0, oo). Let rs be the coordinate for [l,oo). Let 
u :n ^ E satisfy Floer's equations for some J G 3^E and some admissible 
Hamiltonian Li. Here B is the unit disk parameterized by coordinates {s, t). 
We can write Li = tt*Hs + T^iLip as in Definition 12.211 We assume that 
= on F. 

Lemma 5.2. The function f := r^oTron cannot have an interior maximum 
for rs large. 

Proof. Let / have an interior maximum at (7 G D. Let U he a small neigh- 
bourhood of u[q). The symplectic form lo OTi E splits the tangent space of 
E into vertical planes and horizontal planes. Let V be the vertical plane 
field, and let P be the horizontal plane field (the a;-orthogonal of vertical 
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tangent spaces of vr). Let us be the symplectic form on the base S, then 
iop := 7r*a;s'|p is non-degenerate. This means that there exists a function 



9 ■ vr 



X [0,oo)) ^ (0,oo) 



u*i9)—+3u*{g)— = -JXhs- 



such that gujp = u\p. We may assume that J{P) C P because J is compat- 
ible with E if rs is large. Let p be the natural projection TE P induced 
by the splitting TE = V@P. 

Floer's equation for u splits up into a horizontal part associated to P and 
a vertical part associated to V . The horizontal part can be expressed as: 

where G is a vector field on P which is the wp-orthogonal to dTT*Hs\p in P. 
Hence n' := vr o n satisfies the equation: 

du' ^ .du' . 1 ^ 

ds dt u*{g) 

where j is the complex structure of S*, and is the Hamiltonian vector 
field of Hs in S. Rearranging the above equation gives: 

du' . ,du' 

Now locally around the point g, we can choose a reparameterization of the 
coordinates (s, t) to new coordinates (s', t') so that u' satisfies: 

du' . du' . 

(i.e. ^ = ^ = -ji^ and ^ = ^ = ). The above equation is Floer's 
equation which doesn't have a maximum by [181 Lemma 1.5]. This gives us 
a contradiction as we assumed / had a maximum at q. □ 

If Hs is a non-decreasing sequence of Lefschetz admissible Hamiltonians, 
then we can use the same methods as above to prove a maximum principle 
for u satisfying the parameterized Floer equations 

dsU + Js,t{u{s,t))dtU = V3'Hs,t. 

Note we also have a maximum principle in the vertical direction as well. We 
have that the region A as defined in Definition 12.211 looks like dF x [1, oo) x S. 
Let rp be the coordinate for [0, oo) in this product. Let tti : A — » dFx [1, oo) 
be the natural projection. If a Floer trajectory u has an interior maximum 
with respect to rp for rp large, then ttiou satisfies Floer's equations on F and 
hence has no maximum by [18^ Lemma 1.5]. This gives us a contradiction. 
Hence rpou has no maximum for rp large. The above maximum principles 
and the regularity result from Theorem 15.11 ensures that SH^:{E, H) is well 
defined. 
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Definition 5.3. Let M be a manifold with contact form a. Let 
S : {Reeb orbits} M, S{o) := / a. Then the period spectrum S(M) is 
the set im(S) C M. We say that the period spectrum is discrete and injective 
if the map S is injective and the period spectrum is discrete in M. 

Definition 5.4. Let H be a Hamiltonian on a symplectic manifold M . Then 
the action spectrum §(i^) of H is defined to be: 

§{H) := {Ah{o) : o is a 1-periodic orbit of Xh} ■ 

Ah is the action defined in section [273[ 

We let F be a smooth fibre of {E, vr) and Qp ■= ©If- Also we let S be the 
base of this fibration. Let and rp he the "cylindrical" coordinates on S 
and F respectively (i.e. ws = d{rs9s) on the cylindrical end at infinity and 
similarly with rp). Let W be some connected component of the boundary 
of S. Let C := TT~^[W) x [l,oo). Note: we will sometimes write rs instead 
of TT*rs so that calculations are not so cluttered. We hope that this will 
make things easier to understand for the reader. 

The boundary of is a union of 2 manifolds whose boundaries meet at 
a codimension 2 corner. We can smooth out this corner so that E becomes 
a compact convex symplectic manifold M such that the completion M is 
exact symplectomorphic to E. This means we can view M as an exact 
submanifold of E. We will let dM x [1, oo) be the cylindrical end oi E = M 
and we will let r be the coordinate for the interval [1, oo). We will assume 
that the period spectrum of dM is discrete and injective. Let Qp : E ^ M 
be an admissible Hamiltonian on M = £^ with slope p with respect to the 
cylindrical end dM x [1, oo) where p is a positive integer. We will also assume 
that Qp < inside M and that Qp tends to in the norm inside M as 
p tends to infinity, and that Qp = hp{r) in the cylindrical end. We assume 
that h'pir) > for all r and h'p{r) = p for r > 2. We also assume that 
hp{r) > for all r. We can perturb the boundary of M to ensure that no 
positive integer is in the period spectrum of dM and hence p is not in the 
action spectrum. Hence the family (f?p)peN+ is a cofinal family of admissible 
Hamiltonians. 

Theorem 5.5. There is a cofinal family of Lefschetz admissible Hamiltoni- 
ans I'Cp : E ^ M. and a family of almost complex structures Jp S Svegi^, ^p) 
such that for p ^ 0; 

(1) The periodic orbits of Kp of positive action are in 1-1 correspon- 
dence with the periodic orbits of Qp. This correspondence preserves 
index. Also the moduli spaces of Floer trajectories are canonically 
isomorphic between respective orbits. 

(2) Kp <0 on E C E. 

(3) Kplp tends to in the norm on E as p tends to infinity. 
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This theorem imphes that: 

(1) lim Sh]^''^\Kp) = lim SH,{gp) 

p p 

Sh!'''^\Kp) := SH^{Kp)/SHi~°°'^\Kp) where 5//!"°°'°^ is the symplectic 
homology group generated by orbits of negative action. We also have: 

(2) lim SH,{Kp) = lim Sh!''°°\Kp) 

p p 

This is because there exists a cofinal family of Lefschetz admissible Hamil- 
tonians Gp such that: 

(1) Gp < on ^ C ^. 

(2) Gp\e tends to in the norm on as p tends to infinity. 

(3) All the periodic orbits of Gp have positive action. 

Property ([3]) of Gp will follow from Lemma [5. 61 Using the fact that both Kp 
and Gp are cofinal, tending to in the G^ norm on E and are non-positive 
on E, there exist sequences pi and qi such that: 

for all i. Hence: 

lim Sh]^''^\Gp) = lim Sh!''^\Kp). 
p p 

Property ([3]) of Gp implies: 

lim SHf'°°\Gp) = lim SH^Gp). 

p p 

This gives us equation ([2]). Combining this with equation ([1]) gives: 

lim SH^{Kp) = lim SH^{Qp). 
p p 

This proves Theorem 12.221 

Before we prove Theorem 1 5. 5 1 we need two preliminary Lemmas. We need 
a preliminary Lemma telling us something about the flow of a Lefschetz 
admissible Hamiltonian. We let H = 'K*Hs + 'n\HF be as in Definition 12.211 
We assume that the slope of Hg and Hp is strictly less than some constant 
B > We set Hp to be zero in F, and Hp to be equal to hp{rF) in the 
region rp > 1 such that h'p{rp) > and h'p{rp) > 0. We also assume that 
for some very small e > 0, is constant for rp > e and not in the period 
spectrum of dF so that all the orbits lie in the region rp < e. We define 
Hs in exactly the same way so that it is zero in S and equal to hs{rs) 
on the cylindrical end of S where hs has the same properties as hp. The 
action of an orbit of Hp in the cylinder r^r > 1 is rph'p{rp) — hp{rp) and 
similarly the action of an orbit of Hg in > 1 is rsh'g{rs) — hs{rs), so 
we can choose e small enough so that the actions of the orbits lie in the 
interval [0, B] because the slope of Hs and Hp is less than B. We have from 



LEFSCHETZ FIBRATIONS AND SYMPLECTIC HOMOLOGY 



27 



Section m 6 = Q + kTT*9s where is the 1-form associated to the Lefschetz 
fibration (it is a 1-form such that Q\f makes each fibre F into a compact 
convex symplectic manifold. Also Og is the 1-form making the base S into a 
compact convex symplectic manifold. The constant k is some large constant. 

Lemma 5.6. For k large enough, there exists a constant H depending only 
on E and 6 ( not on H) such that the action of any orbit of H is contained 
in the interval [0, EB] . 

Proof. Inside E, we have that the Hamiltonian is so all the orbits have 
action there. In the region A as defined in Definition 12.211 we have that 
the orbits come in pairs (7, F) where 7 is an orbit from Hs and T is an orbit 
of positive action from Hp. The action of (7,r) is the sum of the actions 
of 7 and r. Both these actions are positive. Also their actions are bounded 
above by B. 

So we only need to consider orbits outside the region Au E. The Hamil- 
tonian ttIHf is zero in this region so we only need to consider 'k*Hs. We 
will consider the orbits of tt*Hs in the region rs > 1. In this region, there 
are no singular fibres of the Lefschetz fibration, so we have a well defined 
plane field P which is the w-orthogonal plane field to the vertical plane 
field which is the plane field tangent to the fibres of vr. The Hamiltonian 
flow only depends on u)\p and not the vertical plane field because 7r*Hs 
restricts to zero on the vertical plane field. The symplecic form wjp is equal 
to Gkii*d6s\p for some function G > 0. This means that the Hamiltonian 
vector field associated to tt*Hs is ^ times the horizontal lift of the Hamil- 
tonian vector field associated to Hs in S. Let V be this horizontal lift. The 
construction of the completion of a Lefschetz fibration before Definition [2716] 
ensures that the region ^ 1 is a product W x [l,oo) where rs param- 
eterizes the second factor of this product and is a pullback of a 1-form 
on W via the natural projection W x [l,oo) — > W. This means that is 
invariant under translations in the rs direction (i.e. under the flow of the 
vector field which is ^ times the horizontal lift of Xs where As' is the 

Liouville flow in S). We also have that d9s is invariant under translations in 
the rs direction (i.e. under the flow of y^Xs)- Hence the symplectic struc- 
ture a; is also invariant under translations in the rs direction for rs ^ 0. 
This means that the function G is bounded above and below by positive 
constants as the symplectic structure is invariant under translations in the 
rs direction and if we travel to inflnity in the flbrewise direction (i.e. if we 
travel into the region A), then G = 1. We want bounds on the function 
V{6) because the function G is bounded. Let Y be the Hamiltonian flow 
of rs in S and let Y be its horizontal lift to P. We have that Y(9s) = 1. 
This means that ^(Tr*^^) = 1. We also have that Y{Q) is bounded because 
is invariant in the rs direction for rs large and y(0) = if we are near 
inflnity in the flbrewise direction. We choose the constant k large enough 
so that Y{9) = y(0) + kY{n*9s) > 0. This function is also bounded above 
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because Y(Q) is bounded and kY(Tr*6s) = kY{6s) = k. This choice of k 
only depends on the Lefschetz fibration and not on H. Now, V = h'g{rs)Y. 
Because h'g bounded below by 0, we have that V{6) is bounded below by 
and bounded above by some constant multiplied by the slope of Hs- All the 
orbits of H lie in some compact set where H is small, so the action of an 
orbit is near J V{0)dx where the integral is taken over an orbit o and dx is 
the volume form on o giving it a volume of 1. This means that the action of 
these orbits is in the interval [0, Hi?] for some constant H. This completes 
our theorem. □ 



The manifold M = E has a cylindrical end dM x [1, oo). We let r be the 
radial coordinate of this cylindrical end. The we define set {r < R} to be 
equal to M U {dM x [l,R\). We define the sets {rp <R] and {rs <R} in 
a similar way. 

Lemma 5.7. There exists a constant w > such that for all R > 1, we 
have that {r < R} C {rs < wR} and {r < R} d {rp < wR}. 

Proof. We will deal with rs first. The level set r = R\s equal to the flow of 
dM along the Liouville vector field A for a time log(i?). Hence, all we need 
to do is show that drs{\) is bounded above by e^rs- This means that if p 
is a point in dM, then the rate at which rs{p) increases as we flow p along 
A is bounded above by e^rs{p)- Hence if we flow p for a time log(i2) to a 
point q, then rs{q) < wi? which is our result. 

We will now show drs{X) is bounded above by e'^rs to finish the first 
part of our proof. We let be a 1-form associated to E as constructed 
before Definition 12. 16[ Then 6 = Q + it* 9s where 6s is a convex symplectic 
structure for the base S. We have that lo = dQ + Tr*d9s- The construction 
before Definition 1 2 . 1 6 1 ensures that the region rg ^ 1 is a product W x [1, oo) 
where rs parameterizes the second factor of this product and is a puUback 
of a 1-form on W via the natural projection W x [l,oo) — > W. This means 
that is invariant under translations in the rs direction. Hence dQ is also 
invariant under these translations. Also Tr*d9s is invariant under translations 
in the rs direction. All of this means that the vector field V defined as the 
w-dual of is invariant under these translations for rs large. This implies 
that drs{V) is bounded. 

Let V' be the w-dual of tt*9s- Let A5 be the Liouville vector field in S. 
Then V' = GL where L is the horizontal lift of \s and G : E defined 
in the proof of Lemma 15.61 The proof of Lemma 15.61 tells us that G is a 
bounded function. Also, drs{Xs) = ''"s, hence 

drsiV) = Gdrs{L) = Gdrs{Xs) = Grs 

Hence drsiV') is bounded above by some constant multiplied by rs- Finally, 
we have that X = V + V' which means that there exists a w > such that 
drs{X) is bounded above by e^rs- 
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We will now deal with rp. This is slightly more straightforward because 
the Lefschetz fibration is a product dF x [1, oo) x S and 6 splits up in this 
product as Q+Tr*9s, where we can view as 1-form on dF x [1, oo). We need 
to bound drF{X). In this case, because everything splits in this product, we 
have that drF{\) = drF{A) where A is the w-dual of Q. This is equal to 
rp < e'^rp as > 0. Hence we have that r < R implies that rp < wR. □ 

Proof, of Theorem 15.51 Let Qp be the Hamiltonian as above. We will write 
g = Qp for simplicity. The idea of the proof is to modify the Hamiltonian 
g outside some large compact set so that it becomes Lefschetz admissible 
and in the process only create orbits of negative action without changing 
the orbits of g or the Floer trajectories connecting orbits of g. We will do 
this in three sections. In section (a), we will modify g to a Hamiltonian 
so that it becomes constant outside a large compact set k while only adding 
orbits of negative action. This is exactly the same as the construction due 
to Hermann [15]. In section (b) we will consider a Lefschetz admissible 
Hamiltonian L which is in the region k, but has action bounded above so 
that the orbits of L + <; outside k have negative action. We define our cofinal 
family Kp := L + (c) we ensure that the Floer trajectories and pairs of 
pants satisfying Floer's equation connecting orbits of positive action stay 
inside the region r < 2. 

(a) We have that p is the slope of the Hamiltonian g and this is not in 
the period spectrum of dM. Hence, we define /i := > to be smaller 
than the distance between p and the action spectrum. Define: 

A = A{p) := 3p/fi > 1. 

We can assume that A > 4: because we can choose // to be arbitrarily 
small. Remember that E = M where M is a compact convex symplectic 
manifold, and that r is the radial coordinate for the cylindrical end of M. 
We define <f to be equal to g onr < A — \. On the region r > 1, we have that 
g is equal to hp{r). We will just write h instead of hp. Set <; = k(r) for r > 1 
with non negative derivative. This means that in the region 1 < r < A — 1 
we have that h{r) = k{r). Hence in r < ^ — 1 we have that k"{r) > and 
k'{r) > 0, and in the region 2<r<yl — Iwe have k'{r) = p. Also we have 
that ^ is small and negative for r near 1. Because <; is small, we can 
also assume that p is large enough so that for r near 1, k' <^ p. Because gp is 
cofinal, we can assume that p is large enough so that h{2) = k{2) > 0. Both 
these previous facts mean that p{A — 2) < k{A — 1) < p{A — 1). Outside 
this region, we define A; to be a function with the following constraints: For 
r > A set k{r) to be constant and equal to C where C = p{A — 1). In the 



30 



MARK MCLEAN 



region A — 1 < r, k" < 0. We assume that fc' > for all r > 1. Here is a 
picture: 

Figure 5.8. 
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We want to show that the additional orbits of <j only have negative action. 
All these orbits lie in the region r > 2. In fact because p is not in the action 
spectrum, they lie in the region r > A—1. In the region {r : p — fi < k'{r) < 
p}, we have that ? has no periodic orbits. Also, the action of a periodic 
orbit is k'{r)r — k{r). Combining these two facts implies that the action of 
a periodic orbit in the region 2 < r is less than 

{p — fi)r — k{r) < {p — fi)A — p{A — 2) 

3p 

= -pA + 2p = -fi— + 2p = -p <0 

Hence we have a Hamiltonian ^ equal to g in the region r < 2 and such that 
it is constant and equal to C = p{A — 1) in the region r > A — 1 and such 
that all the additional periodic orbits created have negative action. 

(b) Lemma 15.61 tells us that there exists a cofinal family of Lefschetz 
admissible Hamiltonians Ap such that the action spectrum of Ap is bounded 
above by some constant E multiplied by the slope of Ap. We can assume that 
both the slopes of Ap are equal to \/{p) (if -y/p is in the action spectrum of the 
fibre or the base, then we perturb this value slightly to ensure that Ap has 
orbits in a compact set). This means that the action of Ap is bounded above 
by 'Ey/p- The Hamiltonian Ap is equal to zero in E. We will now define a 
Hamiltonian Lp as follows: We let zu be defined as in Lemma [5.7[ Set Lp = 
in the region {rs < tuA} D {rp < zuA}. In the region {rs > 1} U {rp > 1}, 
we have that Ap is a function of the form T^lkpirp) + T^*hs{rs)- Here, tti is 
the natural projection: dF x [1, oo) x S ^ dF x [1, oo) (this is the same as 
the projection defined just before Definition I2.2ip . So, we set the function 
T^lkpirp) to be zero outside the domain of definition of vri. Also, TT*hs is 
zero outside the region rs > I- We define Lp to be 

irlkpirF — 'caA) + iT*hs{rs — wA) 
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in the region {rs > zuA} U {rp > wA}. Hence we have a weU defined 
function Lp. Because Lp has scaled up, we have that the action spectrum 
of Lp is equal to wA multiplied by the action spectrum of Ap. Hence, we 
have that the action spectrum of Lp is bounded above by wA3^. 

Because {r < A} C {rs < ^} n {rp < we can add Lp to ? without 
changing the orbits of ? in the region r < A. Also, the action of the orbits 
of <; + Lp in the region r > A is bounded above by wA'Ey/p — p{A — 1). So 
for p large enough we have that the additional orbits added are of negative 
action. ^ 

(c) We choose an almost complex structure J £ d^C^) such that on some 
neighbourhood of the hypersurface r = 2, J is admissible. Then [3l Lemma 
7.2] and the comment after this Lemma ensure that no Floer trajectory or 
pair of pants satisfying Floer's equation connecting orbits inside r < 2 can 
escape r < 2. Hence our Hamiltonian Kp := + Lp has all the required 
properties. 

5.1. A better cofinal family for the Lefschetz fibration. In this sec- 
tion we will prove Theorem 12.241 We consider a compact convex Lefschetz 
fibration {E^tt) fibred over the disc D. Basically the cofinal family is such 
that Hp = 0. This means that the boundary of F does not contribute to 
symplectic homology of the Lefschetz fibration. The key idea is that near 
the boundary of F the Lefschetz fibration looks like a product D x nhd(9F) 
and because symplectic homology of the disc is we should get that the 
boundary contributes nothing. Statement of Theorem 12.241 

We will define F, S{= ]S)),rs,rp,TTi as in the previous section. This means 
that the compact convex sympectic manifold F is a fibre of E and S is the 
base which in this section is equal to B. We also have that rs is a radial 
coordinate for the cylindrical end of S which we also identify with Tr*rs- The 
map vTi is the natural projection (dF x [1, oo)) x S ^ {dF x [1, oo)) where 
(dF X [1, oo)) X F is a subset of E. The function rp is a radial coordinate for 
the cylindrical end of F which we also identify with irlrp. Before we prove 
Theorem 12. 24|, we will write a short lemma on the Z grading of SH^:{E). 

Lemma 5.9. Let F := 7r~^(a) C E (a ^O). Suppose we have trivialisations 
of JC^ and %^ (these are the canonical bundles for E and S respectively); 
these naturally induce a trivialisation ofJCp away from F. If we smoothly 
move a, then this smoothly changes the trivialisation. 

Proof, of Lemma 15.91 

We choose a J £ d''{E). The bundle E away from iijcnt j^g^g connection 
induced by the symplectic structure. Let A C E he defined as in Definition 
12.211 Let U he a subset of A where 

(1) TT is J holomorphic. 
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(2) U is of the form r > K where r is the coordinate for [1, oo) in A (see 
Definition [221]). 

This means that in U, we have that the horizontal plane bundle EI is J 
holomorphic. Choose a global holomorphic section of %^ and lift this to a 
section s of H. Choose a global holomorphic section t of JCg. The tangent 

bundle of F is isomorphic to the (j-orthogonal bundle T of H. This is also 
a holomorphic bundle. Let A^T be the highest exterior power of T. There 
exists a unique holomorphic section w of A'^T such that sAw = t. Hence, w 
is our nontrivial holomorphic section of T in [/ U F. This can be extended 
to A U F by property ^ . □ 
In the following proof, whenever we talk about indices of orbits of F 
outside F, we do this with respect to the trivialisation of Lemma 15.91 above. 
We do not deal with orbits inside F so this trivialisation is sufficient. 

Proof, of Theorem 12.241 We start by defining a cofinal family of Lefschetz 
admissible Hamiltonians H'^ = TT*Hg + TT^Hp. To avoid cluttered notation, 
we suppress the A and just write H, Hs, Hp instead of H^, H^, Hp unless 
we need to explicitly deal with A. We assume that the period spectrum of 
dF is discrete and injective and also that the Reeb orbits of dF are non- 
degenerate. We assume that Hp = on F and is equal to hpirp) outside 
F with h'p{rF) > and h"p{rp) > when rj? > 1. The orbits of Hp consist 
of constant orbits in F and families of orbits corresponding to periodic 
Reeb orbits outside F. We can perturb Hp by a very small amount outside 
F so that each family of Reeb orbits becomes a pair of non-degenerate 
orbits (see |18|. Section 3.3]). Hence, we have a Hamiltonian Hp which is 
equal to inside F and all its orbits outside F are non-degenerate. We set 
the slope of Hp at infinity to be equal to A ^ §{dF). The completion B of 
the disc B is symplectomorphic to C with the standard symplectic structure. 
We have that rs{z) = |zp where z £ C The function rs is defined only on 
the cylindrical end, but we will extend it to the interior of B by the function 
l^p. We set Hs = K{X)rs on C where k(A) is some function of the slope 
A of Hp such that it is never a multiple of vr. Here Hs has exactly one 
periodic orbit at G C of index (2a + 1) where a is the integer satisfying 
air < k(A) < 7r(a + 1) (see [IBl Section 3.2]). For each A, we choose k(A) 
to be large enough so that the index of the only orbit of Hs is greater than 
M + A + 1 where M = — ind(r) such that T is an orbit of Hp of lowest index. 
We also assume that as A tends to infinity, k{X) also tends to infinity. The 
Hamiltonians H'^ form a cofinal family of Lefschetz admissible Hamiltonians. 
Hence for some J G d''{E), we have SH^{E) = lim SH^{E,H^, J). 

A 

We will also define a half Lefschetz admissible Hamiltonian H^ := 7r*Hg + 
TrlHp. When appropriate, we will write H,Hp instead of H^,Hp. We 
define Hp = inside F and Hp := hp{rp) in the region {rp > 1} where 
the derivative h'p is so small, that Hp has no periodic orbits in the region 
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{rp > 1}. The Hamiltonians H form a cofinal family of half admissible 
Hamiltonians, hence ShI^^{E) = lim SH^E^H^, J). 

X 

We will construct a natural continuation map SH^,{H^, J) SH^,(H^, J) 
such that it is an isomorphism in all degrees less than A. This will prove 
the theorem for the following reason: Because continuation maps are nat- 
ural, we can take direct limits with respect to A, so that we get a map 
SH^(E) ShI^^{E). This map must be an isomorphism because if we 
choose an integer b, then for A > 6 we have SHf){H'^, J) SHh{H^, J) 
is an isomorphism which implies that SHi,{E) — > SHj^^^{E) is an isomor- 
phism (because we are taking a direct limit as A tends to infinity). Hence 
SH^{E) — > Sh\^^{E) is an isomorphism. 

We will now show that the continuation map SH^:{H^, J) — > SH^:{H^, J) 
is an isomorphism in all degrees less than A. From now on, we will write 
H,Hs,Hf,H,Hf instead of H^, H^, H^, , H^. The region {rp > 1} is 
a product ([l,oo) x dF) x C and the orbits of the Hamiltonian H come in 
pairs (7, r), where 7 is the orbit of Hs and F is a non-constant orbit of Hp. 
The index of this orbit is the sum ind(7) -|-ind(F), hence its index is greater 
than A -|- 1. This means that all the orbits of index < A -|- 1 are disjoint 
from the region {rp > 1}. We have that Hp is not quite a function of rp 
in the region {rp > 1}, as we perturbed it so that it had non-degenerate 
orbits. Having said that we can assume that for some 6 > 0, we have 
Hp = hp{rp) in the region {1 < rp < 1 + 5}. We also assume that the 
Lefschetz admissible almost complex structure J is of the form j + Jp in the 
region {rp > 1} viewed as a subset of E, where j is an complex structure 
on C and Jp is convex on the cylindrical end of F. Any Floer trajectory 
satisfying Floer's equation with respect to {H, J) connecting orbits outside 
the region {rp > 1}, must stay outside this region for the following reason: 
li u : S ^ E is such a curve, then let S := u~^{{rp > 1}). We can 
project u\g : S — > {rp > 1} down from {rp > 1} to (l,oo) x dF. Lemma 
7.2 from [3] then tells us that this curve cannot exist. Hence S is empty 
and the claim follows. A similar argument shows that if we had a pair of 
pants satisfying Floer's equation with respect to Hamiltonians similar to H 
connecting orbits outside {rp > 1}, then the curve must also be disjoint 
from {rp > 1}. Similarly any Floer trajectory or pair of pants satisfying 
Floer type equations with respect to {H, J) must be disjoint from {rp > 1} 
because all orbits of H are disjoint from this region. Let Kg : F ^ M 
be a monotone increasing sequence of admissible Hamiltonians joining Hp 
and Hp such that in the region {1 < rp < 1 + 6}, we have that Kg is 
a function of rp only. Again if we have a trajectory satisfying the Floer 
continuation equations with respect to {Ks,J) joining orbits of H and H 
which are disjoint from {rp > 1}, then by [3l Lemma 7.2] we have that 
this trajectory is also disjoint from {rp > 1}. Combining all these facts, we 
get that the continuation map induced by {Kg , J) is an isomorphism in all 
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degrees less than A because H = H outside the region {rp > 1} and all orbits 
of H and H of degree less than A + 1 along with all Floer trajectories and 
pairs of pants connecting them are disjoint from this region. This completes 
the proof of Theorem 12.241 □ 



6. Sh]^'^{E) and the Kaliman modification 

In this section we prove Theorem l2.251 Throughout this section we assume 
that E' and E" are Lefschetz fibrations as described in section [231 We recall 
the situation: 

(1) E" is a subfibration of E' over the same base. 

(2) The support of the parallel transport maps of E' are contained in 
the interior of E" . 

(3) There exists a complex structure Jpi (coming from a Stein domain) 
on F' such that any Jj?/-holomorphic curve in F' with boundary in 
F" must be contained in F" . 

We wish to prove that SH^^^{E') ^ SH^^^{E") as rings. 

Proof, of Theorem 12.251 Fix A > 0. The value A is going to be the slope 
of some Hamiltonian, we can always perturb A slightly so that it isn't in 
the action spectrum of the boundary. By Theorem 19.11 we can choose an 
almost complex structure Jf',i on F' after a convex deformation away from 
F' such that it is convex with respect to some cylindrical end at infinity and 
such that any J^/ i-holomorphic curve in F' with boundary in F" must be 
contained in F" . The reason is because we can ensure that Jf',i = Jp' in 
F' C F' and that any J^/ i-holomorphic curve with boundary in F" C F' 
is contained in F' by Theorem 19. II hence is contained in F" by property ([3]) 
above. Supposing we have a Hamiltonian Hp/ which is of the form hpi{rpi) 
on the cylindrical end where rpi is the radial coordinate and h' > and 
Hp' = elsewhere. Then, any curve (Floer cylinder or pair of pants) with 
boundary in F" satisfying Floer's equations with respect to Hp' and Jp'^i 
must be contained in F" . We choose h' small enough so that Hp' has no 
periodic orbits in the region rp' > 1. The convex deformation mentioned 
in Theorem 19.11 fixes F' C F' hence it induces a convex deformation on 
E. This is because the region where we deform E looks like a product 
C X (F' \ F'). From now on we assume that the fibres of E have this almost 
complex structure Jp'^i with this cylindrical end. 

A neighbourhood of dF" in F' is symplectomorphic to L := (— e, e) x dF" 
with the symplectic form d{ra"). Here, r is a coordinate in (— e, e) and 
a" is the contact form for dF" . We also choose e small enough so that 
L is disjoint from the support of the parallel transport maps in F' . Let 
F" := F" \ ((— e/3,0] x dF"). We can choose an almost complex structure 
J' G d{F') with the following properties: 
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There exists a 5 > such that any holomorphic curve meeting both 
boundaries of [— e, — e/2] x dF" has area greater than 6. This is true 
by the monotonicity lemma [19^ Lemma 1]. 

J' = Jf',1 on F'\F" . This means that any curve (cyhnder or pair of 
pants) satisfying Floer's equations with respect to Hp' and J' with 
boundary in F" is contained entirely in F" . 

Construct an almost complex structure J on E' as follows: The parallel 
transport maps on F' \ F" are trivial, hence there is a region W of E' 
symplectomorphic to C x (F' \ F"). We set J\w to be the product almost 
complex structure Jc x J' where Jc is the standard complex structure on 
C. We then extend J\w to some J compatible with the symplectic form uj' 
such that vr' is J-holomorphic outside some large compact set. Let if be a 
Hamiltonian of the form 'k*K + iT^Hpi where K is admissible of slope A on 
the base C and tti : W ^ F' \ F" is the natural projection map. J has the 
following properties: 

(1) Any curve u satisfying Floer's equations with respect to H meeting 
both boundaries of ([— e, — e/2] x dF") x C C E' must have energy 
> 5. (u can be a cylinder or a pair of pants). 

(2) Any such u connecting orbits inside E" must be entirely contained 
in E". 

Property ([2]) is true because: Let u be a curve satisfying Floer's equations 
connecting orbits in E", then composing u|m-i(vi/) with the natural projec- 
tion W ^ F'\ F" gives us a curve w with boundary in F" . This means that 
w is contained in F" , and hence u is contained in E" . Also if u meets both 
boundaries of ([— e, — e/2] x dF") x C C E', then the projected curve w has 
energy > 6 which means that u has energy > 6. Hence Property ([1]) is true. 
We perturb Hp: : F' —>-'R slightly so that: 

(1) It is equal to in F" . 

(2) The only periodic orbits of Hpi are constant orbits. 

(3) The action spectrum of i7|-^^^„ is discrete and injective and con- 
tained in (-5/4,(5/4). 

(4) We leave Hp' alone on the cylindrical end. 

(5) All the orbits in F' \ F" are of negative action and non-degenerate. 

(6) we can ensure that Hp' has very small positive slope with respect to 
the cylindrical end of F" on the region (e/2, e) x dF" C F'. 

Let (5i > be the smallest distance between and the action value of an 
orbit of Hpr of negative action. Here we fix some integer m > 0. We can 
assume that the critical points of our Lefschetz fibration in C form a regular 
polygon with centre the origin. Draw a straight line from the origin to each 
critical point and let G be the union of these lines. Let X := be an 
outward pointing Liouville flow. We choose a loop / around G so that the 
disc V with dV = I has volume v where v can be chosen arbitrarily small, 
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and such that X is transverse to this loop. This forms a new cyhndrical end 
Q for C. Now let be a Hamiltonian on V with slope A. We assume that 
has the following properties: 

(1) All the orbits are non-degenerate. 

(2) The action of any orbit is in the region [0, 2vX\ . 

(3) All orbits of index < m + n are exact. {2n is the dimension of our 
symplectic manifold) 

(4) 2vX < min((5/2,(5i) 

(5) is constructed in the same way as the Hamiltonian Hs mentioned 
before Lemma [SSI but we do this with respect to the new cylindrical 
end g of C. 

We let Kx = -k* {HI)+-kIH p' ■ Let B := Cx(F'\F") C The Hamiltonian 
Kx is of the form 7r*(i?]^)+7r*i7^// on B. Hence the orbits on B come in pairs 
(7, r), where 7 corresponds to a periodic orbit of H}^ and T is a constant 
periodic orbit of Hpn. The action difference between two orbits is < (5 due 
to property 1^ for Hp/ and properties ([2|) and for H}^ . This implies 
that any Floer trajectory connecting orbits (71, Fi) and (72, inside B 
must stay inside B, due to property ([1]) from the properties of J. Also the 
definition of Si combined with properties ([2]) and (jl]) for imply that all 
orbits inside B have negative action. 

Hence we have a subcomplex generated by orbits in B. The Hamil- 
tonian Kx in the region E\B is equal to tt*{H^). Hence, using Lemma lS.G^ 
we have that all the orbits of 7r*{H^) have non-negative action. This means 
that we have a quotient complex C^„ := C^,/C^ where C^, is the complex 
generated by all orbits. By property ([6|) of Hp/ and property ([2]) of J we have 
that the limit of H^{C^„) as A tends to infinity is isomorphic to ShI^^{E"). 

So in order to show that ShI^^{E") is isomorphic to ShI^^{E') we need to 
show that the homology of is zero in all degrees < m. This would imply 
that SHIP {E") = SH^ (E') in all degrees < m. As A increases, we can 
make m increase with A, and this means that SH^ {E") = SH^ {E') in 
all degrees. The point is that all the orbits in have negative action, so 
any Floer trajectory starting at one of these orbits must also finish at one of 
these orbits. Also, any Floer trajectory connecting two of these orbits must 
be contained in B. We have that S is a product. We can assume that it 
has the product almost complex structure. This means that Floer trajec- 
tories between (71, Fi) and (72, F2) come in pairs (n, U) where u is a Floer 
trajectory in C connecting 71 and 72 and [/ is a Floer trajectory connecting 
Fi and F2. Hence by a Kiinneth formula, we have that the homology of 

is isomorphic to SH^{H\) SH^ °°'^\Hp'), where SHi '^'^\Hp') is the 
subcomplex generated by orbits negative action. We have that in all degress 
< m, that SH^{H^) = 0, and that SH^ °°''^\Hp/) is in negative degrees 
which means that S'if*(if]^) ® SHi °°'^\Hp') is zero in all degrees < m. 
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This in turn implies that the homology of is zero in all degrees < m. 
This gives us our isomorphism: 

□ 

7. Brieskorn Spheres 

In this section we will mainly be studying the variety V as constructed 
in section [3T] and also the variety M" := C^\V. The variety V is equal to 

{zl + zl + zi + z| = 0} C C^. 

7.1. Parallel transport. There is a natural symplectic form on (in- 
duced from an ample line bundle on its compactification P"^). We have a 
holomorphic map P := Zq + z^ + z'^ + z'^ with one singular point at 0. We can 
view P as a fibration which is compatible with this symplectic form as in 
Definition 12.111 These fibrations have a natural connection which is induced 
from the symplectically orthogonal plane fields to the fibres. We prove: 

Theorem 7.1. Parallel transport maps are well defined for P. 

Proof. We first of all compactify to P^. We let P' be a holomorphic 
section of E := Op4(7): 

P'{[zo Z4]) := zl + z^zj + + 

This is equal to P on the trivialisation Z4 = 1. We also have another section 
Q defined by 

Q{[zo : ■■■ : Z4]) := zj. 
The map P can be extended to a rational map P" : --^ P^, where 
P" = ^- Fix an identification = P^ \ Q'^O). We now have that 

p = ^. 

Q 

Let be a positive curvature metric on the ample bundle E. We have a 
symplectic structure and Kahler form defined in terms of the plurisubhar- 
monic function 

,^=-l0g||Q|||;. 

In order to show that P has well defined parallel transport maps we need to 
construct bounds on derivatives similar to the main theorem in [13\ section 
2]. We take the vector field dz on the base C It has a unique lift with 
respect to the Kahler metric which is: 

||VP||2 

Here ||.|| is the Kahler metric and VP is the gradient of P with respect to 
this metric. Take a point p on D := {2:4 = 0}. We can assume without loss 
of generality that this lies in the chart {zi = 1}. In this chart we have that 
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the metric \\-\\e = &'^\-\ where o" is a smooth function and |.| is the standard 
Euchdean metric with respect to this chart. Then: 

= -log||Qf = -log|Q|2-a. 

The notation < means that one term is less than or equal to some constant 
times the other term. Hence we get: 

B--=M< ii^pip + ||VP||2.|Q|2 



|VP|| ||VP||-|Q| 

We get similar equations to [3] in the other charts {zi = 1}. If we can show 
that for any compact set T C C the function B is bounded above by a 
constant K in the region Ti := P~^(T) \ A where A = {\zo\, \zi\, \z2\, \zs\ < 
1}, then we have well defined parallel transport maps. This is because we 
get similar bounds if we lift other vectors of unit length (i.e. cdz where 
c E U{1)). Hence if we have a path, then \C-4'\ is bounded above by a 
constant on this path. This ensures that the transport maps do not escape 
to infinity. In the chart {z^ = 1}, we have that for 1 < i < 2, 

d^P = 2zi/zl 

doP = Izllzl. 

We have the following bounds on derivatives: 

|VQ|<M 

I ^4 1 

Combining this with equation [3] gives: 

1 + W\ 



B < 

<C:= (1 + |Z4|)/ 



7\zo\^ 2\zi\ 2|z2l 1^ I 



Z4p |Z4| \Z4\ 



<{l + \z4\)/{\zo\V\z4f + \z,\/\z4\ + \z2\/\z4\). 

Hence on the chart {z^ = 1}, 

(4) B<{l + \z3r')/{\zof + \z,\ + \z2\) 
By symmetry we also have 

(5) B<il + \z2\-')/{\zof + \z,\ + \z3\) 

(6) B<il + \z,\~^)/{\zof + \z2\ + \z3\) 
In the chart {zq = 1} we have: 

1 + \za\ 
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<(l + l^4|)/ 

So: 



2|zi| 2\zi\ 2\z2\ p., , 

I -24 1 I -24 1 I -Z4 1 



B<{l + \zA\)\zA\/{\zi\ + \z2\ + \z-i\) 

SO in the chart {z^ = 1}, we get a bound: 

(7) B<{l + \zo\-^)/{\zi\ + \z2\ + \z^\) 

Suppose for a contradiction that there is a sequence of vectors {zq, z\,z\,z\) 
lying in Ti such that B tends to infinity as i tends to infinity. If (after 
passing to a subsequence) Zq tends to infinity, then equation [7] tells us that 
z\,Z2.,z\ are all bounded. But this is impossible as [zq, z\, z^-, z\) lies in 
T\ which means that Zq is bounded. Similarly, using equations I4|5|6I we 
get that is bounded. Hence B is bounded away from the compact set 
{|zo|) |-ziM-Z2|i ksl < !}• This means that B is bounded when restricted to 
Ti, so we have well defined parallel transport maps. □ 

Let (C^, 6) be the convex symplectic manifold induced by the compactifi- 
cation P^. Because parallel transport maps for P are well defined we 

can use ideas from |231 section 19b] to deform the 1-form 9 on through 
a series of 1-forms 6t such that: 

(1) each uJt ■= dOt is compatible with P as in Definition 1 2 . 1 II and Ot is a 
convex symplectic deformation on C^. 

(2) The parallel transport maps of P with respect to the connection 
induced by loi are trivial at infinity. This means that near infinity, 
P looks like the natural projection C x C -» C where C is the 
complement of some compact set in V . 

(3) For a smooth fibre F of P, {F,6i) is exact symplectomorphic to 
(i^,^o). 

We have that M" = \ P~^(0), so we can restrict P to a fibration 
P" = P\ M" : M" C*. Let 6s be a convex symplectic structure on C* with 
the property that ^Af",t '■= Gt\M" + P"*9s is a convex symplectic structure 
for M" . Let 6" be a convex symplectic structure on M" constructed as in 
Example 12.81 It is convex deformation equivalent to {M" ,Om>i ,0) as follows: 
Let F be a fibre of P" , then ^m",o|f) is convex deformation equiva- 
lent to {F,0"\f) by Lemma 12.91 as both convex structures come from Stein 
structures constructed algebraically as in Example 12.81 This deformation is 
{l-t)eM"fl\F+tO"\F. The following family of 1-forms := {\-t)eM" fl+tO" 
induces a convex symplectic deformation (we might have to add vr*0^ to 
^M",o and 0" where 6$ is a convex symplectic structure on C* and dOg is 
sufficiently large). The reason why it is a convex symplectic deformation 
is as follows: We can ensure that 9s comes from a Stein function i;^^ on 
C*. Also, 9q comes from some Stein function (/> : — > M, hence 9M"fi 
comes from a Stein function (f>Q := 4>\m" + P"*4'S- The 1-form 9" comes 
from a Stein function (f)\ . Hence Qt comes from a Stein function of the form 



40 



MARK MCLEAN 



(pt ■= {1 — t)(j)Q + t(j)i. The set of singular points of (ptlr for all t lie inside 
a compact set Kp (independent of t) for each fibre F. Let K be the union 
of all the compact sets Kp for each fibre F in M" . We can choose 6s large 
enough so that outside some annulus A in C*, 4>t has no singularities in 
K n P"-\C* \ A). Also, there are no singularities of (j)t outside K. Hence, 
all the singularities of (pt stay inside some compact set independent of t. 
This means that (j)t is a Stein deformation. This means that {M" ,6m",i) is 
convex deformation equivalent to (A'l" ,6m",o) which is convex deformation 
equivalent to {M",9"). 

Hence on {M",6"), we have that the parallel transport maps of P" are 
trivial at infinity after a convex symplectic deformation to (M" ,6m",i)- 

7.2. Indices. Let P" : M" C*, P"{z) = P{z). Let F be a smooth fibre 
of P" . This fibre has a natural exhausting plurisubharmonic function (j) 
as in Example 12.81 We can modify (j) to an exhausting plurisubharmonic 
function (p' which is complete by [25^ Lemma 6]. We denote this new Stein 
manifold by F. The following theorem is about indices of a cofinal family 
of Hamiltonians on F. 

Theorem 7.2. There is a cofinal family of Hamiltonians H\ on F with the 
following properties: 

(1) There exists some convex symplectic submanifold T of F such that 
T (the symplectic completion ofT) is exact symplectomorphic to F. 

(2) Hx = on T. 

(3) if y is a periodic orbit of Hx not in T then ind(?/) > 2. 

(4) For each k £ Z there exists an N > (independent of X) such that 
the number of periodic orbits of Hx of index k is bounded above by 
N. 

(5) If we don't count critical points from the interior, then there is ex- 
actly one orbit of index 2 and one orbit of index 3 such that the 
action difference between these two orbits tends to as X tends to 
infinity. Also the number of Floer cylinders connecting these orbits 
is even. 

This theorem is proved by analysing the Conley-Zehnder indices of a Reeb 
foliation on the Brieskorn sphere ^ n 5, where S is the unit sphere in C^. 
This result needs the following two lemmas: 

Lemma 7.3. F is the completion of some convex symplectic submanifold T 
with boundary the Brieskorn sphere V r\ S. 

Proof, of Lemma l7.31 By Theorem 17. 11 we have that y\0 is symplectomor- 
phic to F \ K where K is a compact set. Hence there exists a cylindrical 
end of F which is symplectomorphic to the cylindrical end of V induced by 
fiowing V n S hy parallel transport. □ 

Lemma 7.4. There is a contact form on the Brieskorn sphere V D S such 
that all the Reeb orbits are non- degenerate and they have Conley-Zehnder 
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indices > 2. Also, there is exactly one orbit of index 2 and no orbits of index 
3 and finitely many orbits of degree k for each k. 

Proof. In [28] Ustilovsky constructs a contact form such that all the Reeb 
orbits are non-degenerate and such that their reduced Conley-Zehnder index 
is > 2(n — 2) where n = 3 in our case. Ustilovsky defines the reduced Conley- 
Zehnder index to be equal to the Conley-Zehnder index +(n— 3). This means 
that the Reeb orbits have Conley-Zehnder index > n— 1 = 2. He also shows 
for each k € Z, there are finitely many orbits of Conley-Zehnder index k. 
He shows that there are no orbits of odd index and the orbit of lowest index 
has index 2. □ 

Proof, of Theorem 17.21 

By Lemma [7. 31 -F has a convex cylindrical end which is symplectomorphic 
to [1, oo) X T, where S is the Brieskorn sphere VCiS. We choose a Hamiltonian 
which is constant on the interior of F and equal to h(r) on the cylindrical 
end, where r parameterizes [l,oo). We also assume that h'{r) is constant 
and not in the period spectrum of B at infinity. Also, near each orbit in 
the cylindrical end, we assume that h" > 0. The flow of the Hamiltonian 
at the level r = k is the same as the flow of Xh ■= —h'{k)R, where R is 
the Reeb flow. The Conley-Zehnder indices from Lemma 17.41 are computed 
by trivialising the contact plane bundle. We can trivialise the symplectic 
bundle by first trivialising the contact plane bundle and then trivialising its 
orthogonal bundle. We trivialise the orthogonal bundle by giving it a basis 
{■§p,R). The symplectic form restricted to this basis is the standard form: 

1 

-1 

The Hamiltonian flow in this trivialisation is the matrix: 

1 



h"t 1 

along the orthogonal bundle. This is because R is invariant under this flow 

d_ 

dr 



and the Lie bracket of Xh = —h'R with ^ is h"R. The Robbin-Salamon 



index of this family of matrices is | . We calculate this index by perturbing 
this family of matrices by a function ^ : [0, 1] ^ M where ^(0) = .^(1) = as 
follows: 

1 m 
h"t 1 

Choosing ^ so that its derivative is non-zero whenever C = ensures that the 
path is generic enough to enable us to compute its Robbin-Salamon index. 

Remember that the Robbin-Salamon index of an orbit is equal to the 
Conley-Zehnder index taken with negative sign. Lemma 17.41 tells us the 
Conley-Zehnder indices of all the Reeb orbits. The flow Xh = —h'R of the 
Hamiltonian has orbits in the opposite direction to Reeb orbits. Hence the 
Robbin-Salamon index (restricted to the contact plane field) of an orbit of 
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Xh = —h'R is the same as the Conley-Zehnder index of the corresponding 
Reeb orbit. Hence the Robbin-Salamon index of some orbit of the Hamil- 
tonian on the level set r = kis equal to where C is the Conley-Zehnder 
index of the associated Reeb orbit as calculated in Lemma 17.41 Hence the 
indices of these orbits are > 2 + ^ . 

The problem is that these orbits are degenerate. This is why their index 
is not an integer. As in [181 section 3] we can perturb each circle of orbits 
to a pair of non-degenerate orbits. Let C be a circle of orbits. We choose a 
Morse function / on C. If we flow / along Xh (the Hamiltonian flow of H) 
we get a time dependent Morse function /j = / o [(pi is the Hamiltonian 
flow). Extend ft so that it is defined as a function on a neighbourhood of 
C . Let H + ft be our new Hamiltonian. The orbits near C now correspond 
to critical points p of f. The Robbin-Salamon index of such an orbit is: 

i(C') + ^sign(v2/) 

where i{C') is the Robbin-Salamon index of the manifold of orbits. The 
symbol 'sign' means the number of positive eigenvalues minus the number 
of negative eigenvalues. In our case we can choose / so that it has 2 critical 
points pi , p2 such that 

sign(V2j) = 1, sign(V2^/) = -L 

Hence, if the Conley-Zehnder index of a Reeb orbit C is k, then we can 
perturb H so that the associated Hamiltonian orbits have Robbin-Salamon 
index (or equivalently Conley-Zehnder index taken with negative sign) A: -|- 
and k+1. This means all the non-constant orbits of H have Robbin-Salamon 
index > 2. 

We now need to show that there are a finite number of orbits in each 
degree. This follows directly from Lemma 17.41 which says that there are 
finitely many Reeb orbits in each degree. Finally this same lemma says 
that there is only one Reeb orbit with Conley-Zehnder index 2 and no Reeb 
orbits with Conley-Zehnder index 3. So the Hamiltonian H has one orbit 
of Robbin-Salamon index 2 and one orbit of index 3. We can also ensure 
that the actions of these orbits are arbitrarily close by letting the associated 
Morse function / be small. There are an even number of Floer cylinders 
connecting the orbit of index 3 with the orbit of index 2 by [U Proposition 
2.2]. □ 

Lemma 7.5. We have W{M") = fori>2. 

Proof. M" = C^\V. Theorem 13.11 tells us that V is homeomorphic to M^. 
This means that there is a neighbourhood B oi V which retracts onto V 
whose boundary dB satisfies H^[dB) = for i > 2. The Mayor- Vietoris 
sequence involving B, M" and B U M" = ensures that H'{M") = for 
i > 2. □ 
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7.3. Symplectic homology of these varieties. We wish to show that 
the symplectic homology of the variety M" := C^\V has only finitely many 
idempotents using the results of the previous two sections. We will then 
show that it has at least two idempotents: and 1. First of all we need 
the following lemma: We let R be an algebra over Z/2Z which is graded by 
a finitely generated abelian group G. This means that as a vector space, 
R = ^gi^Q Rg with the property that if a G Rg^ and b £ Rg^ then the 
product ab is contained in Rgj^.g2- 

Lemma 7.6. // a is CLfi idcuipotGTit in R then a G ^^g^Q Rg 'wHgtc Gn is 
the subgroup of torsion elements of G. 

Proof. We have a = a^^ + • • • + a^^ where gi £ G and ag. £ Rg- . Suppose 
for a contradiction we have that a = and gi is not torsion. Then = 
o^^ + • • • + Og^. The group G/Gn is a free Z algebra, hence there is a group 
homomorphism p : G ^ G/Gn ^ such that p{gi) 7^ 0. The map p gives 
R a, Z grading. Let b be an element of R. It can be written uniquely as 
b = bi + ■ ■ ■ + bk where bi are non-zero elements of R with grading qi G Z. 
We can define f{b) as min{|q'j| / 0}. Note that f{b) is well defined only if 
at least one of the qi's are non-zero. Because p{gi) / 0, we have that /(a) 
is well defined and positive. We also have that /(a^) > 2/(a) which means 
that 7^ a. This contradicts the fact that a is an idempotent. □ 

The vector space (S'i744.*(M") is a ring bi-graded by the Robbin-Salamon 
index and the first homology group. We write 4-|-* here because the unit has 
Robbin-Salamon index 4. The previous lemma shows us that any idempotent 
must have grading 4 in SH^[M") and be in a torsion homology class. 

We have a map P" : M" ^ C*. At the end of section [7TT] we had a convex 
symplectic structure {M",0m",i)- Let A be a large annulus in the base C* 
which is a compact convex symplectic manifold. Let {F" , be a fibre of 

P". Choose a compact convex symplectic manifold (with corners) M" such 
that (M", P" := P"\m",Oai".i) is a compact convex Lefschetz fibration with 
fibres F" and base A C C*. We can also ensure that dF" is transverse to 
Ai (the associated Liouville vector field of F") and there are no singularities 
of Ai outside F" in F" . Hence the completion of M" is M". 

Let (^",7r") be the completion of {M" , P" ,9m",i) (so that M'' = E''). 
We wish to use the results of section [5] to show that SH^{E") has finitely 
many idempotents, and hence SH^{M") has finitely many idempotents. Let 
H he a Lefschetz admissible Hamiltonian for E" . Let C be the cylindrical 
end of F" . We may assume that this cylindrical end is of the form [Sy x 
[1, cx)), rirai?) where {Sv-,oif) is the Brieskorn sphere described in 17.21 and 
rp is the coordinate for [1, 00). The Hamiltonian H is of the form tt"* Hs" + 
'K'l*Hpii as in Definition 12.2 1[ By Lemma l7.61 we have that any idempotent 
must come from a linear combination of orbits of H in torsion homology 
classes as long as H is large enough (i.e. it is large enough in some cofinal 
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sequence of Lefschetz admissible Hamiltonians) . Away from C x C* C E" we 
have that the Hamiltonian flow of H is the same as the flow of L := tt"*Hsii. 
Let X be the Hamiltonian vector field associated to L, and let Xs" be the 
Hamiltonian vector field in C* associated to Hsu. Then the value of X at a 
point p is some positive multiple of the horizontal lift of Xg" to the point p. 
We can assume that Hg'/ has exactly two contractible periodic orbits of index 
and 1 corresponding to Morse critical points of Hs" (as any Reeb orbit 
of C* is not contractible). We can also make Hsu small away from the 
cylindrical ends of C* so that the only Floer cylinders connecting contractible 
orbits correspond to Morse flow lines. Hence, any contractible orbit of X 
must project down to a constant orbit of Xs"- We let Hp// be a Hamiltonian 
as in Theorem 17.21 above in Section [721 We let our almost complex structure 
J when restricted to C x C* C E" be equal to the product almost complex 
structure Jp x Jq* where Jp is an admissible almost complex structure on 
F and Jc* is the standard complex structure on C*. The contractible orbits 
in this cylindrical end come in pairs (F, 7) where T is an orbit in F and 7 
is a contractible orbit in C*. Because there are only 2 contractible orbits in 
C* and there are finitely many orbits in each degree in F, we have finitely 
many contractible orbits of index 4 for H. Hence: 

Theorem 7.7. The ring SHiJi^^[M") has only finitely many idempotents. 

We now wish to show that SH^[M") has at least 2 idempotents. To do 
this we show that SH^(M") ^ 0, and hence has a unit by [Ml Section 8]. 
This means that SH^[M") has and 1 as idempotents. The Hamiltonian H 
has non-degenerate orbits in C x C* C E" , so we perturb H away from this 
set to make all its orbits non-degenerate. In E" C E" we can ensure that H 
is small and J is independent of t, hence the only orbits in this region are 
critical points of H and the only Floer cylinders correspond to Morse fiow 
lines. The orbits corresponding to critical points of H have Robbin-Salamon 
index > 3 because H^{M") = for i > 1 by Lemma 17.51 Hence all orbits 
have index > 2. There is only one orbit of index 2. This orbit is in the 
cylindrical end C x C* C E" . Hence the orbit is of the form (Xm^lm) where 
7m has index and F^, has index 2. This orbit is closed because there are no 
orbits of lower index. Suppose for a contradiction this orbit is exact, then 
there exists a Floer cylinder connecting an orbit (3 of index 3 with (F^, 7m)- 
This orbit (3 must be contractible, so it is either a critical point, or it is of 
the form (Fi,7i) in C x C* C E" . The action of iXmilm) is larger than the 
action of a critical point and hence [3 cannot be a critical point. Hence (3 is 
of the form (Fi,7i). Suppose that the index of Fi is 3. We have 7^ = 71 
and by Theorem 17.21 we can ensure that the action difference between Fi 
is arbitrarily close to F^. Similarly if 71 has index 1 then we can ensure 
that Vm = Fi and the action difference between 7^ and 71 is arbitrarily 
small. This means that the action difference between (Fm,7m) and (Fi,7i) 
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is arbitrarily small. This means that if we have a Floer cylinder connecting 
(rm,7m) and (ri,7i) then Gromov compactness ensures that it must stay 
in the region C x C* C E" (Because the action of iTmilm) tends to the 
action of (Fi, 71), we get a sequence of Floer cylinders converging to a Floer 
cylinder of energy which cannot exit C x C* C E"). Because all the Floer 
cylinders stay inside C x C* C E" , the number of Floer cylinders connecting 
(rm,7m) and (ri,7i) is equal to the number of Floer cylinders connecting 
Vm and Fi multiplied by the number of Floer cylinders connecting 7^ and 
71. We need to show that the number of Floer cylinders connecting (Fi, 71) 
and (Fm, 7m) is even and by the previous comment, this means we only need 
to show that the number of Floer cylinders connecting Fi and F^ is even 
or the number of Floer cylinders connecting 71 and 7^, is even. But the 
number of Floer cylinders connecting Fi and F^ is even if Fi has index 3 
(by part ([5]) of Theorem 17. 2p and similarly 71 is closed if it has index 1 (so 
there are an even number of Floer cylinders connecting 71 and 7m)- Hence 
the number of Floer cylinders connecting these two orbits is even and so 
(rm)7m) is not exact. Hence SH^,{M") / 0. 

This completes the proof of the main theorem 1 1 . 1 1 sub i ect to checking ring 
addition under end connect sums. 

8. Appendix A: Lefschetz fibrations and the Kaliman 

MODIFICATION 

Let X,D,M be as in Example 12.81 This means that X is a projective 
variety with D an effective ample divisor and M = X \ D an affine variety. 
Let Z be an irreducible divisor in X and q £ {Z f] M) a point in the 
smooth part of Z. We assume there is a rational function m on X which 
is holomorphic on M such that m~^(0) is reduced and irreducible and Z = 
m-i(O). Let M' := Kalmod(Af , (Z n M),{q}), and let M" := M \ Z. 
Suppose also that dimcX > 3. Here is the statement of Theorem \2.32l 
There exist Lefschetz fibrations E" C E' respectively satisfying the conditions 
of Theorem \1.3\ such that E' (resp. E" ) is convex deformation equivalent to 
M' (resp. M"). 

The rest of this section is used to prove this theorem. We will start with 
several preliminary lemmas. 

Lemma 8.1. There are Stein functions (j)' (resp. (f)" ) on Ad' (resp. M") 
such that M" becomes a symplectic submanifold of M' . 

Proof. Let m' be the pullback of m to V>\qX. Let Z' be the divisor defined 
by the zero set of m' . Let Z" be the divisor defined by the zero set of 
so that Z' is linearly equivalent to Z" . By abuse of notation, we write D as 
the total transform of D in VAqX. 

Let Z be the proper transform of Z . We can choose an effective ample 
divisor D' with support equal to ZUD (as a set) so that D' — Z" is effective. 
We have that Y\ := D' and Y2 ■= Yi — Z"+Z' are linearly equivalent effective 
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ample divisors. Let E he a, line bundle associated to Yi and let si,S2 be 
sections so that Si~"^(0) = Yi. There is a metric ||.|| of positive curvature on 
E. We define cp' := -dd^log{si) and cp" := -dd^ log{s2). □ 

Moving the point q within the smooth part oi Z f] M induces a Stein 
deformation of M' and M" by a slight modification of the above lemma. 

We now need a technical lemma involving convex symplectic manifolds of 
finite type. Let {M,9i), (M, ^2) be convex symplectic manifolds. Suppose 
that 9i = 02 inside some codimension submanifold C such that {C,6i) is 
a compact convex symplectic manifold. 

Lemma 8.2. If all the singular points of 6\ and 62 are contained in C , then 
{M,6i) is convex deformation equivalent to (M, ^2)- 

Proof. The interior C° of C has the structure of a finite type non-complete 
convex symplectic manifold constructed as follows: The boundary of C has 
a collar neighbourhood in C of the form := ( — e, 1] x dC, with 61 = ra. 
Here r is the coordinate on (— e, 1], and a is a contact form on dC. We 
let ^jJ : C° ^ M he an exhausting function, which is of the form h{r) on 
N and such that /i(r) — > 00 as r — > 1. For some 3> 0, we have that 
'ip~^{l) is transverse to the associated Liouville field Ai for all I > N. Let 
(pi he the function associated to the convex symplectic structure {M,6i). 
We may assume that (/']~^(/) is transverse to Ai for all I > N as well. We 
can smoothly deform the function (pi into the function ip through a series of 
exhausting functions (pt (the domain of (pt smoothly changes within M as t 
varies) such that (p'i~^{N + k) is transverse to Ai for each fc € N. This induces 
a convex symplectic deformation from {M,6i) to {C°,6i\c°)- Similarly we 
have a convex symplectic deformation from (M, ^2) to {C°,9i\c°)- Hence, 
{M,6i) is convex deformation equivalent to (M, 02)- D 
We need another similar lemma about deformation equivalence. 

Lemma 8.3. Suppose {M,9i) and (M, ^2) o^re convex symplectic manifolds 
such that 61 = 62 + dR for some function R, then (M, ^i) is convex defor- 
mation equivalent to {AI,02). 

Proof. Let (pi (resp. (P2) he the function associated with the convex sym- 
plectic structure (M, 6*1) (resp. (M, 6'2)). Choose constants ci < C2 < • • • 
and di < d2 < ■ ■ ■ tending to infinity such that := (p^^{—(X),Ci] (resp. 

:= (p2^{— 00, Ci]) are compact convex symplectic manifolds. Also we 
assume that: 

A4 C Mf C C M2_, 

for all i. Let i?' : M — > M be a function such that i?' = on a neighbourhood 
of dMl and R' = R on a neighbourhood of dM^ for all i. Let 63, := 
6i+dR' . We will show that both (M, ^1) and (M, 62) are convex deformation 
equivalent to (M, ^3). Let i2f : M — > M be a family of functions such that 
i?t = on a neighbourhood of dMl for all i and such that Rq = and 
Ri = R'. Then {M,9i + dRt) is a convex deformation from {M,9i) to 
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{M,9s) because {Ml,9i + dRt) is a compact convex symplectic manifold 
for all i. Also let R[ : M ^ M he a family of functions such that R[ = R 
on a neighbourhood of dMf and such that R'q = R and R'l = R'. Then 
(M, 9i+dR[) is a convex deformation from (M, 62) to (M, 6'3). Hence (M, 9i) 
is convex deformation equivalent to (Af, 02)- 

We let E be an ample line bundle on X, and s,t sections of E. We 
assume that s is non-zero on M. Let i be a holomorphic section of E, and 
let p := t/ she a map from M to C. 

Definition 8.4. We call {M,p) an algebraic Lefschetz fibration if: 

(1) i~"'^(0) is smooth, reduced and intersects each stratum of D transver- 
sally. 

(2) p has only nondegenerate critical points and there is at most one of 
these points on each fibre. 

An algebraic Lefschetz fibration {M,p) has a symplectic form to con- 
structed as in Example 12.81 This means that u is compatible with p. These 
are not exact Lefschetz fibrations since the horizontal boundary is not trivial, 
but they are very useful since our examples arise in this way. 

Theorem 8.5. Parallel transport maps for an algebraic Lefschetz fibration 
are well defined. 

This is basically proved in [131 section 2], but, there is a subtle distinction 
between the above theorem and theirs. In [13l section 2], the Stein structure 
and the Lefschetz fibration are constructed from the same compactification 
{X, D) of M. In our case they come from different compactifications. The 
proof can be easily adjusted to this case. This is due to the fact that if we 
have two different metrics on M induced from compactifications {Xi , Di ) 
and {X2,D2), then the distance between them is bounded. 

We need the following technical lemma so that we can relate algebraic Lef- 
schetz fibrations with ordinary Lefschetz fibrations. We let {E' , vr'), {E'\ vr") 
be algebraic Lefschetz fibrations such that tt"\e" = tt'. Let 9' (resp. 6") be 
a convex symplectic structure on E' (resp. E") constructed as in Example 
12.81 such that d9" = d9'\Eii. We assume that the real dimension of E' and 
E" is 4 or higher. 

Lemma 8.6. Suppose that all the singular points o/vr' are contained in E" . 
Then there exists a convex symplectic structure 9[ (resp. 9'() on E' (resp. 
E") such that: 

(1) {E',7t',9[) (resp. {E",tt",0'()) are Lefschetz fibrations without 
boundary. 

(2) d9[\E" = d9'l. 

(3) All the parallel transport maps are trivial on a neighbourhood N of 
E' \ E" , and E' \ N is relatively compact when restricted to each 
fibre. 
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(4) For each smooth fibre F' ofir', 9'\pi = 9[\p' + dR for some compactly 
supported function R. We have a similar statement for (E",Tr"). 

(5) {E',6[) (resp. {E",9'()) is convex symplectic deformation equivalent 
to {E',e') (resp. {E",e")). 

Proof, of Lemma [8.6I We divide this proof into 3 sections. In the first section 
we construct the Lefschetz fibration without boundary {E',7r',9[). In the 
second section we construct {E",tt",9i). In section 3 we show that {E',9[) 
(resp. {E" , 9'{)) is convex deformation equivalent to {E' , 9') (resp. (£"', 9")). 

Step 1 We will use ideas from [23^ section 19b]. The map tt' has well 
defined parallel transport maps by Theorem 18.51 We have the same for 
{E" , tt"). Suppose without loss of generality that G C is a regular point of 
these fibrations. Let Q' := vr'~-^(0), Q" := Q f] E" . Consider the family of 
radial lines in C coming out of 0. Let L be one of these radial lines which 
passes through a critical value I of tt'. We can write L = Li U L2 where Li 
is the line joining and I, and Li n L2 = {/}. 



Radial lines coming from the origin 




We now have vanishing thimbles V\ and V2 of I covering Li and L2. A 
vanishing thimble covering a line Li is just the set of points in TT'~^{Li) 
which parallel transport along Li into the critical point associated to the 
critical value I. Let V be the union of all such thimbles for all radial lines 
passing through critical values of vr'. We can use this to construct a map 
p : E' \ V ^ C X Q' . The map is constructed as follows: Let x be a point 
in E' \ V. Then we can parallel transport x along a radial line to a point 
a in Q'. Then p{x) := {Tr'{x),a). Let X = Vr\Q' and W := Q' \ X. Then 
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p\e'\v :-E'\V^^CxM^isa diffeomorphism. Let w := {p\e'\v)~^ ■ Let 
9qi := 9'\qi. From now on, if we have a differential form g on C x W , then 
we will just write q instead of p*q to clean up notation. 

Because parallel transport maps are exact, we have: 0'\ei\v = Qq' + + 
dR' where k' is a 1-form satisfying i*K,' = for all maps i where i is the 
inclusion map of any fibre of vr' into E\ and R is some function on C x VF. 
Let / : — > M be a function which is equal to 1 near X and is outside some 
relatively compact neighbourhood of X. We extend / by parallel transport 
along these radial lines to a map g : E' \ V ^ M.. Then we extend g to a, 
map / : i?' — > M as (7 is constant near V . We will also assume that g is 
only non-zero inside E" because parallel transport maps are well defined for 
{E\T^",e"), hence V ^ E" . We define 

O'f ■.= eQ,+gK' + d{gR'). 

This form extends over V because 9'jr = 9' near V (where g = 1). The 1-form 
makes vr' into a Lefschetz fibration without boundary where each of the 

fibres have a convex symplectic structure. We define 9[ '■= 9'j. 

Step 2 Let Q" := 7r""\o) C E" . We also have that: 

9" = 9Qn + k" + dR". 

Here, k" is a 1-form on E" satisfying i*K" = for all maps i where i is 
the inclusion map of a fibre of vr" into E" , and R" is some function on 
S"n (C X W). Because d9" = d9', we have that dn' = dn" . This means that 
P := k' — K," is a closed 1-form in E" . We can also show that f3 is exact as 
follows: Let I : §^ ^ E" be a loop. Because we are in dimension 4 or higher, 
we can perturb the loop so that it doesn't intersect the radial vanishing 
thimbles described above. We can then deform / using parallel transport to 
a loop /' contained in a smooth fibre F. We have P\f = which means that 
J^I3 = J^,p = 0. Hence P = dL for some L : E" ^ R. We define: 

9'}:=9Q. + gK' + d{gL) + d{gR'). 

We have d9'j = d9'p hence this makes {E" , vr") into a well defined symplectic 
subfibration of E' . We define 6*'/ -.= 9"^ 

Step 3 We can deform / through functions which are trivial at infinity 
to some /' where /' = outside some large compact set, and (/')~^(1) 
contains an arbitrarily large compact set K C F. We can construct /' : 
i?' — > R using /' in the same way that we constructed / from / and the 
deformation from / to /' induces a deformation from / to /'. We can 
choose a convex symplectic structure 9s on the base so that (E' , 9'^ + -k'*9s) 
and {E\9'^i + tt'*9s) are convex symplectic manifolds. Hence 9'j + tt'*9s is 
convex deformation equivalent to 9'jr, + tt'*9s- If we choose K large enough 
we get that 9'r, -\- '7t'*9s is convex deformation equivalent to {E',9' + t:'*9s) 
by Lemma 18.21 and Lemma 18.31 and hence is convex deformation equivalent 
to {E\9'). 
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Because O'j is described in a very similar way to 9'j, we can use exactly 
the same argument as above to show that {E",6") is convex deformation 
equivalent to {E",9j + it* 63^1)- The 1-form ^5^1 is a convex symplectic 
structure on the base making 6j + tt*0s,i into a convex symplectic structure. 

□ 

Let X,D,M be as in Theorem 12.321 This means that Z is an irreducible 
divisor in X and q £ {Z D M) is a point in the smooth part of Z. There is 
a rational function m on X which is holomorphic on AI such that m~^{0) is 
reduced and irreducible and Z = m"^(0). We have M' := Kalmod(M, (Z D 
M), {q}), and M" ■.= M\Z. We also have dimcX > 3. 

Lemma 8.7. There exist algebraic Lefschetz fibrations 

p' : M' C, p" : M" C 

such that p" is a subfibration of p' (i.e. p' o (inclusion) = p"). Also, if F' 
(resp. F" ) is a page of p' (resp. p"), then F' is the proper transform of F" 
in HlqX . The singularities of p' are contained in M" . 

Proof. Let Q be an effective ample line bundle on X with support equal to 
D and such that Q" := m~i(0) + Q \s ample. Let s" ,t" be sections of Q" 
such that s""^(0) = m-i(O) + Q. We choose t" such that 

p" = %-: M" ^ C 
s' 

is some algebraic Lefschetz fibration on M" . Let F" be the closure of one 
of the smooth fibres of p" in M. We can move the point p to somewhere 
in the smooth part of F" n Z as the smooth part of Z is connected (as Z 
is irreducible); M' is unchanged up to Stein deformation. NB here we use 
dimcX > 2. 

Remember b is the blowdown map b : BlgX — > X. Let s' := b*s" and t' := 
b*t". Let A be the exceptional divisor b^^{p). The divisor s'~^(0) is equal 
to A + other divisors. We can choose an effective divisor K' with support 
equal to the boundary divisor D' of M' in Bl^X such that K" := K' — A is 
ample. Hence, we can choose a meromorphic section h of K" whose zero set 
is contained in D' , and such that h has a pole of order 1 along the exceptional 
divisor and such that h is holomorphic away from D' U A. Let L be the line 
bundle associated to K". This means that s' h € H^{0{L (g) b*Q")) is 
non-zero away from D' . We let p' := ^7^. This means that p'\m" = p" ■ 
Because q is in the smooth locus of F" n Z and F" is transverse to Z, we 
have that the closure of any smooth fibre of p' intersects each stratum of D' 
transversally. 

We can choose holomorphic coordinates z\ - ■ ■ Zn on an open set U oi p 
and a holomorphic trivialisation of Q" such that s" = z\ and t!' = zi. We 
then blow up at the point p. Locally around we have a subvariety of 
[/ X P" defined by ZiZj = ZjZi where Z\ - ■ ■ Zn are projective coordinates for 
P". We choose the chart Z\ = \. This has local holomorphic coordinates 
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zi, Z2, Z3, ■ ■ ■ , Zn- We can choose a trivialisation of K" so that the section h 
is equal to 1/zi. This means that locahy b*s" = Z\ and = Z2Z\. Hence 
locally, s' = 1 and t' = Z2 which means that p' = Z2. This means that p' has 
no singular points near A. Hence p' is also an algebraic Lefschetz fibration 
which coincides with p" away from A and such all the singular points of p' 
are the same as the singular points of p" . □ 

Lemma 8.8. Let F' (resp. F" ) he a fibre of p' (resp. p"). Let K he a 
compact set in F" . There is a Stein structure J on F' (depending on K) 
such that any J -holomorphic u : T ^ F' , where T is a compact Riemann 
surface with houndary, has the property that u(T) C F" if u{dT) C F" . 

Proof. Let G be the closure of F" in M. Then F' is biholomorphic to 
Kalmod(G, G H Z, {q})- Let (j)G be a Stein function for G. The compact set 
K is contained in (j)'^{C) for some large G. Let q' be a point outside (j)Q^{G) 
which is contained in the smooth part of G H Z. Because dime G r\ Z > 2, 
we can assume that q and q' are in the same irreducible component U of 
Gr\Z. This is where we use the assumption that dimcX > 3. The manifold 
G' := Kalmod(G, G CiZ, {q'}) is naturally a Stein manifold by Example 12.81 
By the comment after Lemma 18.11 we have that G' is Stein deformation 
equivalent to F' such that it also induces a Stein deformation on M" . The 
Stein deformation is induced from moving q' smoothly down to q inside the 
smooth part of C/ C G D Z (Note: U is irreducible, hence the smooth part 
of U is connected). This induces a Stein deformation of M' and M" which 
in turn induces a Stein deformation of F' and F" . 

From now on we assume that the symplectic structures on F' and G' 
are complete by \25\ Lemma 6]. We can also ensure that the above Stein 
deformation between F' and G' is complete and finite type by the same 
lemma, hence by [25\ Lemma 5] we have a symplectomorphism h : F' ^ G' 
induced by this Stein deformation. Let Jg' be the natural complex structure 
on G' . Let J := h*jQi. Then if T is a J-holomorphic curve in F' with 
boundary inside K then h{T) is a holomorphic curve in G' with boundary 
in h{K). We can blow down this curve to give a holomorphic curve T' in 
G with boundary in h{h{K)). We can ensure that h{h{K)) is contained in 
(j)Q^{C). If T passes through the blowup of q, then T' passes through q'. 
This means that (pc ° T' has an interior maximum outside (pQ^{G), but this 
is impossible. Hence the curve T must be contained in F" . □ 

We can now apply the above lemmas to prove Theorem 12.311 We can 
apply Lemma 18.61 to p' and p" to get symplectic fibrations {M' ,p' ,9'^) and 
{M" ,p" ,9'(). These fibrations are Lefschetz without boundary. We can 
cut down the fibres to Stein domains F' and F" where F", F' are large 
enough so that the support of all the monodromy maps of (M' ,p' ,9[) are 
contained in F" and F" C F'. We can also remove the cylindrical end from 
the base. This will make p' and p" into Lefschetz fibrations {E'jTt') and 
{E",tt") respectively. Note that if we have a holomorphic curve T in F' 
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with boundary in F" , Lemma 18.81 implies that it is contained in F" n F' . 
The Stein maximum principle [181 Lemma 1.5] ensures that T is contained 
in F" . Hence we get that Theorem 12.311 is a consequence of Lemma [8.61 and 
Lemma 18.81 

9. Appendix B: Stein structures and cylindrical ends 

The problem with Stein structures is that the complex structure asso- 
ciated with them does not behave well with respect to cylindrical ends. 
Cylindrical ends here means that near infinity, the convex symplectic mani- 
fold is exact symplectomorphic to (A x [1, oo), ra) where r G [1, oo) and a is 
a contact form on A. The almost complex structure is convex with respect 
to this cylindrical end \i dro J = —a. We will deal with this problem in this 
section. 

Let (M, J, cj)) be a complete finite-type Stein manifold with 9 = —dP(j) and 
Lo = dO. Let c ^ be greater than the highest critical value of (p. 

Theorem 9.1. There exists a complete finite type convex symplectic struc- 
ture {M,0i) with the following properties: 

(1) It has a cylindrical end with an almost complex structure Ji which 
is convex at infinity. 

(2) Ji = J and 9i = 9 in the region < c}. 

(3) Any Ji holomorphic curve with boundary in {(j) = c} is contained in 
W < c}. 

(4) It is convex deformation equivalent to (M, 9) via a convex deforma- 
tion (M, 9t) where 6**1 {^<c} = ^l{</.<c} for t £ [0, 1]. 

Proof Let A := and A := (/)-i(c+ 1). We define G : M ^ R, G = 
where ||.|| is the norm defined using the metric uj{-,J-). Let A' := GX. 
Let Ft : M ^ M he the fiow of A'. This exists for all time because (p is 
unbounded and XL a"/* = 1 which implies that cf) increases linearly with t (XL 
here means Lie derivative). We have an embedding <I> : A x [l,oo) — > M 
defined by $(a, r) = -Fiogr(a) where a £ A C M and r G [l,oo). Also, 
Lx'9 = G9. Hence, <^*{9) = fa where / : A x [1, oo) ^ M, /(a,r) := 
1 -f- Jq{G o ^){a, t)dt and a is the contact form 9\/\ on A. 

We will now deform the 1-form fa to a 1-form fa such that f = f near 
r = 1 and f = r near infinity. We define 9i to be equal to fa in this 
cylindrical end and equal to 9 away from this end. This means that for r 
large, we have a cylindrical end with 1-form fa = ra. If we have a function 
g : Ax[l, oo) M, then d{ga) is non-degenerate if and only if ^ > 0. Also, 
the Liouville vector field associated to ga is {g/^)-§p^ and hence we have 
that this Liouville vector field is transverse to every level set {r = const} and 
pointing outwards. If (g/^) is bounded above by any polynomial, then the 
respective Liouville vector field is complete. We define /' : A x [1, oo) — > M 
such that f = f near r = 1, f = r near infinity and ^ > 0. This gives a 
complete finite type convex symplectic structure 9i on M as we can extend 
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fa outside M as /' = / near r = 1. We can join / to /' via a smooth 
family of functions with ft {t G [0, 1]) where ^ > and such that ft = f 
near r = 1. This gives us a convex deformation from 9 to 9'. 

We now need to construct our almost complex structure Ji. We have 
^x'4> = Gd(f){^(j)) = 1. This means that = logr so the level sets of 

(j) coincide with the level sets of logr. By abuse of notation we will just 
write J for the pullback and we will write (j) for logr. We have two 
orthogonal symplectic vector subbundles of the tangent bundle <I>*(TM) = 
r(A X [1, do)) whose direct sum is the entire tangent bundle (the symplectic 
structure we are dealing with here is ^i). These are: Vi := Ker(0i)nKer((ir) 
and V2 := Span(^, X^) where is the Hamiltonian flow of r. The problem 
is that J is not necessarily compatible with d9i^ so we need to deform it so 
that it is. However, near r = 1, J is in fact compatible with d9i because 
9 = 9iui some region H := {r < 1+e}. Inside H, we have that: J\y^ and J\y^ 
are holomorphic subbundles of $*(TM). There exists a complex structure 
(resp. Jvj) on the vector bundle Vi (resp. V2) compatible with d9i\y^ 
(resp. d6'i|v2) such that, Jy-^ = J\v^ (resp. = J\v2) when restricted to H. 
Because Vi ^ V2 = <1>*(TM), this gives us an almost complex structure Ji 
on $*(TM) compatible with d9i which is equal to J in the region H. We can 
choose Jvi and Jyj so that JvaC^) = — f-'^r for r » and Jy^ is invariant 
under the flow of ^ for r ^ 0. This ensures that Ji is convex at infinity. 
Also, we have that r is plurisubharmonic with respect to Ji hence any J\ 
holomorphic curve with boundary in {r = 1} is contained in {r < 1}. Hence 
property ^ is satisfied. □ 



10. Appendix C: Transfer maps and handle attaching 

The purpose of this section is to show that symplectic homology is additive 
as a ring under end connect sums. This was already done by Cieliebak in [7] 
but without taking into account the ring structure. Throughout this section, 
let {M,9), (M',9') be compact convex symplectic manifolds such that M' 
is an exact submanifold of M of codimension 0. We let C := x [1, 00) be 
a cylindrical end of M where 9 = ra, a is a contact form on N, and r is 
the coordinate for [l,oo). Similarly we have a cylindrical end C of M' . Let 

: M — > M be an admissible Hamiltonian with an almost complex structure 
J, convex at infinity. Let SHi °°'''\m,H,J) be the group generated by 
orbits of action < a. For b > a, we define 

SHi'''^\M,H,J) := SHi-°°'''\M,H,J)/SHi-'^'''\M,H,J). 
10.1. Weak cofinal families. 

Definition 10.1. We say that the pair {H, J) is weakly admissible if 

there exists an / : A ^ M and a constant b such that for r ^ 0, H = re~^ +b 
and d{re~^) o J = —9. 
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Every admissible pair {H, J) is weakly admissible with / = const. Sym- 
plectic homology SH^:{M) is defined as a direct limit of SH^[M, H, J) with 
respect to admissible pairs ordered by <. We wish to replace "admissible" 
with "weakly admissible". The reason why we wish to do this is because 
in section 110.31 we carefully construct a cofinal family of weakly admissible 
pairs to show that symplectic homology behaves well under end connect 
sums. We construct a partial order < on weakly admissible pairs as follows: 
{Hq, Jq) < {Hi, Ji) if and only if Hq < Hi. We will show that: 

SH^{M) := lim SH^{M,H,J) 

where the direct limit is taken over weakly admissible pairs {H, J) ordered 
by <• Note that a family of weakly admissible Hamiltonians {Hs,Js) is 
cofinal with respect to < if the corresponding functions : — > M tend 
uniformly to — oo as s tends to cxd. In order to ensure that this direct limit 
exists, we will show that if {Hq, Jq) < {Hi, Ji), then there is a natural map 
of rings SH,{M, ifo, Jo) ^ SH^M, Hi,Ji). 

This map will be a continuation map. In order for a continuation map 
to be well defined, we need a family of Hamiltonians T<j joining Hq and Hi 
such that solutions of the parameterized Floer equation dsU + Jtdtu = V^^T^ 
joining orbits of Hq and Hi stay inside some compact set. To ensure this, 
we fiatten Hi so that it is constant outside some large compact set, and so 
that all the additional orbits created have very negative action. We do this 
as follows: 

Let D be a constant such that any orbit of Hq or Hi has action greater 
than D. Then SH^{M, H„Ji)^ ShT''^\m, Hi,Ji). Near infinity, we have 
that Hi = Ri + bi where Ri = re"^' . We wish to create a new Hamiltonian 
Ki such that Ki = Hi on Ri < B where B ^ 0, and such that Ki is 
constant in {Ri > B -\- 1} where all the additional orbits have action less 
than D. We assume that all the orbits of Hq and Hi lie in a compact set. We 
have a cylindrical end Ci := Ni x [K,oo) where Ni is the contact manifold 
^j-Q-fi = i| -v^ith contact form 9\Ni and Ri is the coordinate for [K,oo). So, 
Hi is linear with slope 1 on this cylindrical end. Because all the orbits of 
Hi lie in a compact set, there are no Reeb orbits of length 1 in the contact 
manifold Ni. Choose e > such that the length of any Reeb orbit of A'^o or 
A'^i is of distance more than e from 1. We assume that B is large enough 
so that Hi is linear with respect to the cylindrical end Ci in Ri > B and 
such that Be > —bi — D for z = 0, 1. Finally we let Ki be equal to Hi in 
the region {Ri < B}, and Ki = ki{Ri) where ki is constant for Ri > B + \, 
and ki = Ri + bi near B and fc- < 1. This means that the orbits of Ki in 
{Ri < B} are the same as the orbits of Hi, and the orbits of Ki in {Ri > B} 
have action 



Rik'i -ki< Ri{l -e)-Ri-bi< -Be -bi< D. 
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Hence all the orbits of Ki of action greater than D are the same as the orbits 

We now wish to create an almost complex structure as follows: we let 
jf = Ji for Ri < B and for i?j > i? + 1, we let be convex with respect 
to the cylindrical end C (i.e. dr o J = —6). Let w be a cylinder or pair of 
pants satisfying Floer's equation ([JH Formula 8.1]) with respect to {Ki, J?) 
such that each cylindrical end of u limits to a periodic orbit (or multiple of 
a periodic orbit in the pair of pants case) inside {Ri < B}. By [3l Lemma 
7.2] we have that u is contained in {Ri < B}. Note that we really perturb 
these Hamiltonians so that all the orbits are non-degenerate, and lie in a 
compact set. Lemma 7.2 from [3] still works in this case, as we can ensure 
the Hamiltonian stays the same in the region B — 1 < Ri < B. From now 
on if we deal with Hamiltonians which are constant at infinity, we are really 
perturbing them in such a way that this convexity argument from [3] still 
holds and such that Sff* is well defined for this Hamiltonian. Hence 

SH^M, Hi, Ji) ^ ShT^'^Xm, H„ JO) ^ SH'f'^\M, Ki, jf). 

We wish to create a continuation map: 

ShT^'^Xm, Ko, 4) ^ '°"^(M, Ki,4). 

There exists a family of Hamiltonians Ag connecting Kq and Ki, and 
such that As is monotonically increasing and Ag is constant at infinity. We 
also join Jg and with a family of almost complex structures which are 
convex with respect to the cylindrical end C (i.e. dr o J = —9). If /o and 
/i are constant, then we have a monotone increasing family of admissible 
Hamiltonians Hi joining Hq and Hi, and almost complex structures Js 
joining Jq and Ji. The standard continuation map 

SH,{M, Ho,Jo)^ SH,{M, Hi,Ji) 

involves counting solutions of a parameterized Floer equation with respect 
to {Hs, Js)- We wish to show that this map is the same as the above con- 
tinuation map from Kq to Ki. In order to do this we construct an explicit 
family {As, Jg) of Hamiltonians and almost complex structures so that the 
continuation map 

SHf^'^\M, Ko, jO) ^ 5Ff •°°)(M, Ki, jO) 

coincides with the standard continuation map 

SH,{M, Ho,Jo)^ SH,{M, Hi,Ji) 

under the isomorphism SH^{M, Hi, Ji) ^ SHf'^\M, Ki, J°). The Hamil- 
tonians HI are of the form hs{r) for r > P where h'^ is constant. We 
assume that the almost complex structures Js are convex with respect to 
the cylindrical end C for r > P. Hence [3l Lemma 7.2] ensures all the Floer 
trajectories with respect to {Hs, Js) stay inside the compact set r < P. Also 
there is a constant P' such that Ki is a function of r for r > P' > P. The 
definition of Ki depends on a parameter B which can be arbitrarily large. 
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We can choose B large enough so that Ki = Hi in the region r < P' . We 
choose the functions Ag joining Kq and Ki so that Ag is a function of r 
for r > P' . We can also assume that = J^. In order to show that the 
maps are the same, we need to show that any Floer trajectory associated 
to {As, Jg) connecting orbits inside {r < P} is contained in {r < P}. This 
follows from [31 Lemma 7.2]. 

10.2. Transfer maps. In this section we will construct a natural ring ho- 
momorphism: SH^{M) SH^,{M'). We say that H is called transfer ad- 
missible if F < on M'. We have: SH^{M) = lim SH^{M,H, J) where 

the direct limit is taken over transfer admissible Hamiltonians ordered by 
<. 

Lemma 10.2. We have an isomorphism of rings, 

lim Sh!''^\m,H, J) ^ SH^{M') 

where the direct limit is taken over transfer admissible Hamiltonians. 

Proof. We construct a particular cofinal family of transfer admissible Hamil- 
tonians Hi and show the above isomorphism of rings. We can embed M' 
into M by Lemma 12.51 Our cylindrical end C is then a subset of M. We 
assume that the action spectrum § := §{dM') is discrete and injective. Let 
A;:N— >R\Sbea function such that k{i) tends to infinity as i tends to 
infinity. Let /x : N ^ M be defined by dist(/c(z), 8) (dist(a, B) is the shortest 
distance between a and B). Prom now on we just write k instead of k{i), 
and similarly for /u. 
Define: 

A = A{i) := 6k/ fi > k>l. 

We can assume that A > k > 1 because we can choose k{i) to make ^(z) 
arbitrarily small whilst k{i) is large. We also let e := e{i) tend to as i 
tends to infinity. We assume that Hi\]\ji < 0, and has slope k{i) on 1 + e/k < 
r' < A — e/k. We also assume that on I < r' < A, Hi = h{r') for some 
function h where h has non-negative derivative < k. For A < r' < A + 1, 
we assume that Hi is constant. Let B be this constant. B is arbitrarily 
close to k{A — 1). We can assume that B ^ §. We now describe Hi on the 
cylindrical end C. We keep Hi constant until we reach r = A + 1 + P where 
P is some constant large enough so that {r' < 1} C {r < P}. This means 
that {r' <^-|-l} C {r < A + 1 + P} as long as we embed C in the same 
way as Lemma 12.51 We then let Hi be of the form /(r) for r > A + 1 + P 
where /' < ^k and has slope ^k for r>A+l + P + e/k. 
Here is a picture of what we have: 
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The action of an orbit on a level set r' = a is h'{a)a — h{a). The orbits 
near r' = 1 have positive action less than or equal to k. Let p be a point on 
an orbit o lying in the region A — e/k < r' < A. The slope h'{r') of Hi at 
p \s < k — ^. Hence, the orbits near r' = A have action < {k — fi)A — B = 
—jiA + k ^ —CO as i ^ oo. So, we can assume that these orbits have 
negative action. Also all the orbits in {r' > A,r < ^ + 1 + P} are fixed 
points, so have action —B < 0. Finally, the orbits inr>^ + l + P have 
action: < ^k.{A + 1 + P) - B = -\kA + f/c + \Pk -oo as i ^ oo. 
Hence, we can assume that all the orbits of Hi of non-negative action lie in 
r' < 1 + e/k. 

We now need to show that any differential connecting two orbits of non- 
negative action is contained entirely in r' < 1 + e/k. By [3l Lemma 7.2], 
any differential connecting orbits of non-negative action must be contained 
in r' < 1 -|- e/A: as all the orbits of non- negative action are contained in this 
region. A similar application of this lemma ensures that a pair of pants 
satisfying Floer type equations with similar Hamiltonians where the ends 
converge to orbits of non-negative action must be contained in r' < 1 -|- e/k. 
This means that we have maps Sh]°'°°\m, Hi, J) ^ SH^{M', H[, J'), where 
H[ : M' — > M has slope k. Taking direct limits gives us a ring isomorphism 

lim SHf'^\M,H,J) ^ SH^M'). 

□ 

This lemma enables us to define a transfer map: 

SH^{M)^ lim SH^{M,H,J) ^ lim Sh]^'°^\m, H, J) ^ SH,{M'). 

A Hamiltonian is called weakly transfer admissible if it is weakly 
admissible and is negative when restricted to M' . We can combine the above 
results with the results of section 110.11 to construct the above transfer map 
using a cofinal family of weakly transfer admissible Hamiltonians. We will 
need to construct a cofinal family of weakly transfer admissible Hamiltonians 
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in section 110.31 to show that a particular transfer map is an isomorphism of 
rings. 

Here is an appHcation of the transfer map: 
Lemma 10.4. If SH^{M) = 0, then SH^[M') = 0. 
Proof. We have a commutative diagram: 

H'^-*{M) ^i7"-*(M') 

d 

SH,{M) SH^M') 

Suppose for a contradiction SH:^{M') / 0. Then [Ml Section 8] says that 
the map d is non-zero in degree n. Also the map a is an isomorphism in 
degree n. Hence d o a is non-zero, and soco6 = doais non-zero. This 
means that SH^{M) / and we get a contradiction. □ 

Corollary 10.5. If M is subcritical and SH^{M') / 0, then M' cannot be 
embedded in M as an exact codimension submanifold. In particular, if 
Hi(M') = then M' cannot be symplectically embedded into M. 

Proof. By one of the applications of [19] , we have that SH^, (M) = because 
M is subcritical. The result follows from the above lemma. □ 

10.3. Handle attaching. In this section we will prove Theorem l2.20i Here 
is the statement of Theorem 12.201 Let M, M' be finite type Stein manifolds 
of real dimension greater than 2, then 

SH^{M#eM') ^ SH^{M) X SH^{M') as rings. Also the transfer map 
SII^{M^eM') — > 5ff*(A'/) is just the natural projection 

SH4M) X SH4M') SH^M). 

To prove this, we will show that attaching a symplectic 1-handle to a com- 
pact convex symplectic manifold of dimension > 2 does not change sym- 
plectic homology. We will describe in more detail what it means to attach a 
symplectic 1-handle later. In fact we show that if A is a compact convex sym- 
plectic manifold, and A' is equal to A with a symplectic 1-handle attached, 
then the natural transfer map SH^,[A') SH^:(A) is an isomorphism. This 
proves Theorem 12.201 for the following reason: The Stein manifold M (resp. 
M') is convex deformation equivalent to N (resp. N') where (resp. A^') 
is a compact convex symplectic manifold. The end connect sum M^^M' 
is convex deformation equivalent to N" where A^" is the disjoint union 
A ]J A' with a symplectic 1-handle joining each connected component. The 
symplectic homology of A]J A' is the direct product 5i/*(A) x SH^,{N'). 
Also, the transfer map SII^:{N Y[N') — > SII^{N) is the natural projection 
SH^{N) X SH^{N') SH^{N). Hence assuming that adding a 1-handle 
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does not change symplectic homology, we have that SH^,{N") is isomorphic 
to SH^{N) X SH^N'), hence SH^{M#eM') is isomorphic to this prod- 
uct. This imphes that SH^{M#eM') ^ SH^M) x SH^{M') because M 
(resp. M') is convex deformation equivalent to N (resp. N'). Also the 
natural transfer map from SH^:{M^eM') to SH^(M) is the natural pro- 
jection SH^:{M) X SH^:{M') SH^{M) because this corresponds to the 
composition of maps 

SH^N") ^ SH,{N]Jn') ^ SH,{N) x SH,{N') ^ SH^N) 

We will now describe handle attaching in detail as in [71 Section 2.2]. The 
paper [lOj or [HI Theorem 9.4] ensures that this construction corresponds to 
attaching a Stein 1-handle. We will define (/>, pi, qi, X, to, ip{x,y) as in [TJ 
Section 2.2]. We will now remind the reader what these variables are: We 
set /c = 1, so we are describing 1-handles only. We let M^" have coordinates 
{pi,qi,...,Pn,qn)- 

uj := '^dpi A dqi, 



^ n—l 



1 1 
qi +Pi) +qn- -jPn^ 



=1 



'^~[\dqi dpij dqn dpn 
if) \s & function of x and y where: 

n-l 

x:=Y, {Ml + B,pi) , 

i=l 
y ■= BnPl, 

and Ai,Bi > are constants. It satisfies X.ip > provided that: 

^ > 0, ^ < 0, ^(x,0) > 0, ^(y,0) < 0, 
ox oy ox oy 

and the partial derivatives are not simultaneously 0. We can choose so 
that the level sets {cp = —1} and {ijj = 1} agree outside some compact 
set. This ensures that when we glue the handle onto our convex symplectic 
manifold, it still has a smooth boundary so we don't have to smooth the 
handle once we have attached it. 

The handle H = Hf" := {(p > -1} n {V' < !}• We define d'H to be 
the boundary {(p = —!}■ We can ensure that the only 1-periodic orbit of ^ 
is the critical point at the origin by [3 Section 2.2]. We wish to construct 
a family of 1-handles (constructed in the same way as H) {Hi)i^^ with the 
following properties: 

(1) Hi+i C Hi 

(2) The attaching region is a subset of d"Hi 
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(3) As / tends to infinity, Hi converges uniformly to the core of the 
handle. 

This can be done by shrinking ip. 



Let M be a compact convex symplectic manifold. After a deformation, we 
can assume that the boundary of M has a region A which is contactomorphic 
to the attaching region d~Hi. We can also ensure that the period spectrum 
of dM is discrete and injective (we might have to deform the region A and 
<j) slightly and hence all the handles). We can use the region A to attach 
the handle Hi to M to create a new compact convex symplectic manifold 
Ml := M Ug-Hj Hi. We have that M^+i C M/ and the boundary of each M/ 
is transverse to the Liouville vector field on Mi. Let K be an admissible 
Hamiltonian on M. We assume that K has slope 5" in a neighbourhood of 
dM. We choose / large enough so that the attaching region P := d~ Hi has 
the property that a Reeb flowline outside P intersecting P twice has length 
greater than S. We can now extend the Hamiltonian to a Hamiltonian 
K' : Ml — > M using the function Bip where B is some constant. Hence dMi 
is a level set of K' and K' is linearly increasing on a neighbourhood of dMi . 
Hence we can extend K' to an admissible Hamiltonian on Mi. The periodic 
orbits of K' are the same as the periodic orbits of K with an extra fixed point 
at the origin of the 1-handle. We can ensure that the index of the extra fixed 
point at the origin of the 1-handle has index strictly increasing as S increases 
(see the last part of the proof of Theorem 1.11 in [TJ Section 3.4]). Because 
dMi is transverse to the Liouville field of 5Mi, we have that M\ = Mi 
and K' is weakly admissible. Hence we have a cofinal family of weakly 
transfer admissible Hamiltonians K' . The only orbit outside M C Mi has 
arbitrarily large index, hence these K'''s induce a transfer isomorphism of 




Cote 




Thinner and thinner attaching regions. 



rings SH^{M) SH^{Mi). This proves Theorem Ejffl 
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